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TOM TAT— Bai b4o nay nghién ctru phuong trinh séng kiéu Kirchhoff-Carrier trong mién hinh vanh khin véi s6 hang tit
dan manh. Truéc tién, bang cach 4p dung phwong phap x4p xi tuyén tinh va phwong phap Faedo-Galerkin, ciing v&i phwong
phép cac danh gia tién nghiém va compact, chiing t6i chirng minh sy ton tai va tinh duy nhit ctia nghiém yéu cho bai toan
dwoc dé xuit. Sau d6, bang cach xdy dwng mot phi€ém ham Lyapunov, chung toi trinh bay két qua bung né cta nghiém véi
ning lwong ban dau Am. Cudi cung, ching toi thiét 1ap mot diéu kién di d€ ddm bao rang bat ky nghiém yé&u toan cuc nao déu
tit dan téng quat.

Tir khéa— Phuwong phap Faedo-Galerkin, tit dan téng quat, bung nd, phwong trinh séng dan hoi nhét, dang Kirchhoff-
Carrier.

I. GIO'1 THIEU

Trong bai bdo nay, ching t6i khio sat bai toan Dirichlet cho phwong trinh séng dan hdi nhét kiéu Kirchhoff-
Carrier trong mién hinh vanh khin véi s6 hang tit dan manh nhw sau:
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+ fotg(t - s)i%(xux(s))ds =l tuu,u), p<x<1,0<t<T, (1.1)
u(p,t) =u(l,t) =0, (1.2)
u(x, 0) = (), ug(x, 0) = @y (x), (1.3)

v&ip € (0,1) 1a mot hang s6 cho trwdec va u, g, f, iy, 114 12 cAc ham cho truéc théa cac diéu kién ta sé chi ra sau.
Trong phuong trinh (1.1), s8 hang phi tuyé&n u(t, [[u(®)13, |, (¢)]13) phu thudc vao cac tich phan.
1 1
@I = [, xu?Cx, Odax, [l (ONIF = [, xuzCx, )dx. (1.4)

Bai toan (1.1)-(1.2) m6 ta dao dong séng phi tuyén hai chiéu trén hinh vanh khian 2 = (x,y): p? < x? + y? < 1.
Khi dao dong dién ra, dién tich mang va luc cing tai méi diém trén mang thay ddi theo thoi gian. Pieu kién bién
u(p,t) = u(1,t) = 0 nghia 1a tai cac bién I, = {(x,y): x> + y* = p?}va [; = {(x,y):x* + y* = 1} ctia hinh vanh
khin dwgc dugc gin chit c6 dinh.

Cac phwong trinh Kirchhoff-Carrier ¢6 dang (1.1) nhin dwgc nhiéu sw quan tAm. C6 thé ké dén cac coéng trinh
nhu: Cavalcanti [1, 2] ciing c4c cdng sw, da nghién ciru sw ton tai va tit dan da thirc clia nghiém phwong trinh c6
dang Kirchhoff-Carrier.

Trong [3], Gongwei Liu di nghién ctru phwong trinh séng dang Kirchhoff-Carrier véi diéu kién dau va bién
Dirichlet:

U (x, 1) = MIVu®O 1)) Adulx, t) + u(x,t) = g(ulx, 1)), (x,t) € 2 X (0, ),
u(x,0) = uy(x), us(x,0) = uy(x),x € 1,
u(x,t) =0,(x,t) € 90 x (0, ),

v6i 2 la mién bi chdn ¢ bién 002 da tron. Véi mét s6 diéu kién vé ham M, g cung cac dit kién dau, tac gia da
chirng minh dwgc sy ton tai nghiém toan cuc va tinh tit dan cia nghiém ciing nhw tinh bung né cta nghiém tai
thoi gian hiru han.

Trong [4], Cordeiro va cac cong sw da khao sat sw ton tai va tit ddn mii clia nghiém toan cuc cia phwong trinh
Klein-Gordon dang Kirchhoff-Carrier v&i s6 hang tit ddn manh —Au, va s6 hang ngudn logarit u ln|u|4. Cac tac
gia da dung ky thuét “potential well” &rng vé&i s6 hang logarit phi tuyén va két qua vé nghiém toan cuc cling nhw
tinh tdt dAn mii dwa trén diéu kién cac dir kién dAu trong tip 6n dinh tir da tap Nehari.
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Mot sO két qua vé su ton tai nghiém dia phwong, nghiém toan cuc, khai trién tiém cén, ding diéu tiém cén, tinh
chat tit dan va bung né clia nghiém, ciing dwoc khao sat nhw trong cac cong trinh Larkin [5], Long [6,7,8] va céc
cong sw, Messaoudi [9], Ngoc [10] va cic cOng su.

T cac cong trinh trén, trong bai bao nay, chung toi khao sat sw ton tai, tinh tit dn téng quat va tinh bung né cla
nghiém bai toan (1.1)-(1.3) vi cac diéu kién thich hop cta cac ham y, g, f va cac dir kién d4u. Trong phén 2 tiép
theo, ching t6i sé gi¢i thiéu mot s6 ky hiéu, dinh nghia cic khéng gian ham va mdt s6 b6 dé cin thiét. Trong
phin 3, chdng tdi sé trinh bay két qua vé sw ton tai va duy nhit nghiém dia phwong cta bai toan (1.1)-(1.3).
Trong phin 4 va 5, ching t6i 1an lwgt xét cic tredng hop riéng cha bai todn (1.1)-(1.3) va thu dwgc tinh bung né
va tit dan tdng quat clia nghiém thong qua viéc xay dwng phiém ham Lyapunov phi hop.

II. CONG CU

Trwéece tién, ta dat 2 = (p, 1), Qr =2 %X (0,T), 0 < p <1, T > 0 va ky hiéu cac khong gian ham théng thwong
trong toan bd bai bdo nhw sau: C™ = Cm(ﬁ), LP = LP(2),H™ = H™(N), W™P = W™P ().

Chu y ring, cdc khong gian L?, H', H? 1a cac khong gian Hilbert (rng véi cac tich vo hwéng sau
(wv) = [ xu()v()dx, (o) + (g ),
(W, V) + (U, V) + (Uex) Ve )- (2.1)

Ta ky hiéu cac chuan trong L?, H! va H?dwoc sinh ra béi cac tich vo hwéng twong tng trong (2.1) 12 [|-lo, |I-Il; va

(5P
Ta c6 b6 dé vé phép nhing gitra cic khéng gian ham nhuw sau.
B6 dé 2.1. Phép nhiing H} & €°(2) 1a compact va véi moi v € H, ta cé:
@ llvllcogy < /1= pllvell,
.. 1-p
(i) vl < “2lvgl,
1-
(iii) [lvllo < JT—levxllo-
Ta ky hiéu ||-||x 1a chuén ctia khéng gian Banach X va goi X' 13 d6i ngiu ctia X. Khong gian LP(0,T; X), 1 < p < oo,
la khong gian Banach cac ham thuc u: (0,T) — X do dwoc va thoa |[ullpor,x) < 0, trong do:
T 1/p
(@G dt) ™ 1<p <o,

||u||LP(o,t;X) =
esssupllu(®lly ,p = .
0<t<T

Vé&i mot ham hai bién u(x, t), ching t6i s dung cac ki hiéu u(t), u.(t) = u(t), ue,(t) = i(t), u,(t) = Vu(t),
ou 2%u ou %u
Uyr (t) = Au(t) thay cho u(x, t), Py (x, 1), Py (x, 1), ™ (x,t), F (x,t).
I1I. SU TON TAI VA TINH DUY NHAT CUA NGHIEM YEU

Pinh nghia 3.1. Nghiém yéu cla bai toan (1.1)-(1.3) 1a mot ham u € L*(0,T; H> n H}), v’ € L*(0,T; H? N HY),
u” € L*(0,T; L?) n L?(0,T; H}) théa min bai toan bién phan.

W"(®), v) + pulu] (O (ue (), vy) + (uye (8), vy) = fotg(t — $){ux (), vedds + (f[u] (@), v), (3.1)
v&imoi v € H}, hau hét ¢ € (0,T) va diéu kién dau.
u(0) = @y, u'(0) = 7y, (3.2)
voi
flul(x, 0) = f(x, t,ulx, £), ue(x, 1), ue (x, £)), u[ul (@) = ue, 1w, luOIP). (3.3)

Cho T* > 0 c6 dinh, dé khao sat sy ton tai va duy nhit nghiém yéu cta bai toan (1.1)-(1.3), ta cin cac gia thiét
sau:

(Al):‘ao,ﬁl € HZ n H&;

(4):p € CL([0,T*],R3) vadu, > 0: u(t,y,z) = u,V(t,y z) € [0,T*] x R%;

(43):g € C'([0,T*]);

(A):f € C([p,1]1 X [0,T*] x R3): f(p,t,0,¥,0) = f(1,£0,v,0) = 0,VY(t,y) € [0,T*] X R.
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Khi d6, ta c6 dinh li vé sy ton tai duy nhit nghiém sau:

Pinh ly 3.2. Gia st cac gia thiét (4;) — (4,) thda. Khi d6, ton tai mot hing s6 T € (0, T*] sao cho bai toan (1.1)-
(1.3) c¢6 duy nhit nghiém yéu u € L®(0,T;H2 nHY) nC(0,T]; H2 nHY) n ¢ ([0,T]; HY), sao chou €
L*(0,T; H> n HY) n €([0,T]; HY) vau' € L°(0,T; L2) n L2(0, T; HY).

IV. TINH BUNG NO CUA NGHIEM

Trong phan nay, ta khao sat tinh bling né ctia nghiém bai toan (1.1)-(1.3) v&i u = u(lu, (OI2), f = —Au, + f(w).
Khi d6 bai toan (1.1)-(1.3) tr& thanh:

[utt - ﬂ(”ux(t)”g) (uxx + iux) - i:_x(xuxt)
+ 0 90 =9 () + 209 ) ds
+ilu, =f(w), p<x<1 0<t<T,

u(p,t) =u(l,t) =0,
u(x,0) = iy (x), ur(x,0) = @y (x),

(4.1)

véi0 < p <1, 1> 01acaching sé cho trwéc; f, g, iy, iy 1a cadc ham cho tredc ma didu kién ctia no ta sé chira
sau day:

(Zz):u € C1(R,) va ton tai cadc hdng s6 u, > 0, u; > 0sao cho u(z) = u,, zu(z) < 1y fozu(y)dy, vz = 0.
(45): f € CY(R), £(0) = 0 va tdn tai cac hing s6 dwong p > 2,d; > max{2,2u,},d; > 2 sao cho:

) yf ) = di f) f(2)dz, vy € R,

(ii) ) f(2)dz = d,y|P, vy € R;
(4,): geH (R NLY(R,) va

i) g@®)<0<g(),vt=0,

(i) 0 < f:g(s)ds < 1, (1 —zdﬂ).

1

Pinh ly 4.1: Gia st i, @i; € H*> N HE, va c4c gia thiét (4,) — (4,) théa. Khi d6, bai toan (4.1) cé duy nhit nghiém
yéuu € L°(0,T; H2 n HY) n C([0,T]; H2 n HY) n ¢1([0,T]; HY) sao cho u’ € L*(0,T; H2 n HY) n C([0,T]; H) va
u” € L°(0,T; L*) N L2(0,T; HY), v6i T > 0 da nho.

Ta xét phiém ham nang lwgng ng véi bai toan (4.1) nhw sau:

E() = 2w (01F +2 (g +u)(©) — [ xdx [ f(2)dz
+3(

trong d6 (g *u)(£) = f, g(t — $)llux(s) — w (D3ds.

O w2 dz ~ a1 Sy 9)ds), (+2)

Nhan hai vé& phuong trinh (4.1)1 cho xu'(x, t), va l4y tich phan trén khoang (p, 1) theo bién X, ta dwoc:

E'(t) = —llwe(OIIF — Al (OIIF +%(g' *u)(t) — %g(t)llux(t)llﬁ <0. (4.3)
Ta c6 dinh ly vé tinh bung nd ctia nghiém nhw sau:

Pinh ly 4.2. Gia st cac gia thiét (4,) — (4,) thoa va iy, &i; € H?> N H} sao cho E(0) < 0. Khi d6, nghiém yéu clia
bai toan (4.1) bung nd trong théi gian hiru han.

Chitng minh Dinh Ii 4.2: Chirng minh bao gom hai buérc.

Buwéc 1. Trudec tién, ta chirng minh bai toan (4.1) khong c6 nghiém yéu toan cuc. Thit viy, gia st bai toan (4.1) cé
nghiém toan cuc u théa:
u€ LR (Ry;H>NHY) NC(R,; H2 N HY) N CH(R,; HY),
u € LY (R,; H2 n HY) n C(R,; HY),
u" € Lpc(Ry; L%) 0 L, (Ry; Hp)

12 nghiém toan cuc ctia bai toan (4.1). Ta dit H(t) = —E(t), vt > 0. Tir (4.3), tacé H (t) > 0, suy ra:
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0 < H(0) < H(®) < s [l (113 +3 (g *u)(®)

1/( lha®I3 ¢
+5< [ udz = ol | g(s)ds)

Ta dinh nghia phiém ham

v&i € di nhé va

Bo dé 4.3. Gia

+ fpl xdx fou(x't)f(z)dz <2 fpl xdx fou(x't)f(z)dz. (4.4)
L(t) = HY(t) + e®(t), (4.5)
0<2n<1, 1_2—2n§p, (4.6)

o(t) = (W' (t), u(t)) + § llu, (O + % w15 (4.7)

st (4,) — (A,) théa va cac dir kién dau iy, &i; € H?> N H} sao cho E(0) < 0. Khi d6, ton tai mot

hing s6 [; > 0 sao cho:

L'(®) 2 L[H©®) + 1w’ O + e ONIF + w1 (4-8)

Chitng minh B dé 4.3. Nhan hai vé clia phwong trinh (4.1)1 cho xu(x, t), va 1dy tich phan trén khoang (p, 1) theo
bién x, ta duoc:

Ttr (4.5), 14y da

@'() = |lw' (ONF — plu O I ONIF + f;g(t = 5)(ux(5), ux (0))ds + (f (W), u). (4.9)
o ham theo bién t hai vé& ta dwoc:
L) =@ —-n)HT")H'(t) + €®'(t) = @' (¢). (4.10)

Tir cac gia thiét (4;), (43), ta c6 cac danh gié sau:

Do d6, két hop

Ul OID O3 < 1y [ pr)dy,
(fu®) u®) = d, fpl xdx fou(x’t) f(2)dz,
[} xdx [0 f(2)dz = dypllu(®) 15,
Jy 90t = )(x(5), ux ())ds = =3 (g * u)(D).
(4.9) va (4.11), ta cé:
@' (1) = llw' O3 = 1l OIDNux O + f; 9 = )ux(s), we(O))ds + (f W), w)

lux (113 1 u(xt) 1
> @I -m [ kOddy+d, [ xdx [ f@)dz -0 0@
0 p 0

(4.11)

. X llux (113 4 1 is 1 . u(x,t) .
= WO = [ w0y~ 0© +as [ xx [ e
1 u(x,t)
d,(1-6) | xd d
+d,( )fpx xfo f(2)dz
> (1 -2 61)) I OI13 + s (1 - 8,)H(D
d, llux (113
+ (7(1 —61) — ul)f uw(y)dy
1 u(x,t) 1 1
+d,6, fp xdx fo Fe)dz +5 (d1 -5- d181> (g * w)()
d, L[
-3 A=)l [ g)ds

d, _
>d(1-6)H() + (1 - 7(1 - 51)) lw' O + di8:dipllu®)|l]»
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+%(d1 - % ~ d8,) (g * 0)(©)
d, lux (113 d, t
HGa-s-m) [ uddy G- )0l | s
= dy(1—-6)H() + (1 —%(1 - 51)) ' (OIIF + diS1dspllu®lf
+3 (=5 - di6:) (g 00
+%[(d1 —dy6y — 2p)p. —dy (1 — 51)[) g(t)dt] . OIF
> dy(1- 8,)H®) + (1 ~Za- 60) I @113
+dy8,dypllu(®)I% + % (.- % - d8,) (g *W®
+>[(dy = 2p)p. — d; f; g(®dt = dy 8y (. — J;” g(@©d)] Il (113 (4.12)
Do d; > max{2,2u } va (d; — 2p)u, — d; fooog(t)dt > 0, ta c6 thé chon §; € (0,1) sao cho:
d, — § —d,8,>0, (4.13)
va
(dy — 2u)p. — dy f, g(@©)dt — dy 8, (u. — [ g(t)dt) > 0. (4.14)
Tl cac bat dang thirc (4.10), (4.12) va (4.14), ta thu dwoc (4.8) v&i l; > 0 danhd. m
Theo cong thiec L(t) va (4.8), ta c6 thé chon &£ > 0 dd nho sao cho:
L(t) = L(0) > 0,Vt > 0. (4.15)
St dung bat ding thirc:
Chix)r <41yt xI ,vr>1,x;,,%4 =0,
va twr (4.5) va (4.7), ta thu duoc:
LY () < Const [H() + ! (6, u(®) + uy I + w2/ ). (4.16)
St dung bat ding thirc Young, ta dugrc:
(' (£, w(@)V < Const[llu (Dl + llw' ©)IIF], (4.17)
véis =2/(1—2n) <p.
Tiép theo ta c6 bé deé.
B0 dé4.4.Véis =2/(1—2n) < p, taco:
i1z + w057 < = (lvellf + IvI1Ey), vv € H. (4.18)
Twr (4.16) - (4.18), ta suy ra:
LY () < Const[H(t) + W OIZ + lu (O3 + lu@®IF], vt = 0. (4.19)
Hon nita, tir (4.8) va (4.19), ta cé:
L'(t) = L,LYA=1(t), vt > 0, (4.20)
voi 1, 1a mot hang s6 dwong.
L4y tich phan (4.20) trén (0, t), ta duoc:
LA (1) > . 0<t< ﬁu — L™/ =T, (4.21)

L-n/(1-1) (0)_12__’17# ’

Do d6, L(t) — oo khit — T,”. Nén bai toan (4.1) khong c6 nghiém yéu toan cuc.
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Buwéc 2. Tiép theo, ta dit T,, = sup {T > 0: bai todn (4.1) c6 nghiém yéu théa Dinh 1y 4.1}.
Do bai toan (4.1) khong c6 nghiém toan cuc nén ta c6 T, < 0. Ta sé& chirng minh réng:
tim (e @llyzg + 1 Ollgzg ) = . (4.22)
That vay, gia st (4.22) khdng diing, thi ton tai mot hang s6 M > 0 va ton tai mot ddy t,,, v&i {t,,,} € (0,Ty), t,, =
T sao cho:
luCtm)llpzanz + 10 @) llyzapy <M, Vm €N,
Theo céc 1ap ludn trén, véi méi m € N, ta ¢6 (u(ty), u'(¢,)) € (H? N HE)? va do d6 Bai toan (4.1) véi diéu kién
dau u, (t,,) = u(ty), ui(ty) = u'(t,,), ton tai duy nhat nghiém yéu.
U, € C([tm, ty + ol; H> N HY) N C ([t try + 0]; HY)
u, € L®(tp, ty + 0 H2 0 HY) 0 C([En, t + 01; HY),
Ul € L® (tyy, tm + 0;L2) N L2 (tp, ty + 03 HY),
trong d6 o doc lap véim € N. Do t,;, = T, ta c6 mot m € N sao cho t,;, + ¢ > T,. Khi d6 ham #i dwoc dinh nghia
boi:
10O ={ 5, ot iat i
la nghiém yéu cua bai todn (4.1) trén [0, t,, + o], va t,,, + 0 > T, ta cé diéu vo ly v&i dinh nghia T,,. Vay (4.22)
ding. m
V. PANH GIA TAT DAN TONG QUAT CUA NGHIEM
Trong phan nay, ta khao sat mot tredong hop riéng cia bai toan (1.1)-(1.3) nhw sau:

e = 1t 1) (e + 21) = 22 Graeg) + J; 96 = 9) (ea®) + 21 (9) ) ds

X
+Au, =fw)+Flx,t), p<x<1, t=0, (5.1)
u(p,t) =u(l,t) =0,
u(x,0) = g (x), ue(x,0) = Uy (x).
Trwdc tién, ta dat cac diéu kién:
(Ay): @y, @y € H? N HY;
(Az): u € C1(R,) vaton tai cAc hdng s6 u, >0, sao cho u(z) = p,, vz = 0;
(As):f € C*(R), £(0) = 0;
(4,):9 € C*(RY);
(d5): F € C'([p, 1] X Ry).
Khi d6, ta c6 dinh ly vé sy ton tai nghiém.
Pinh ly 5.1. Gia st (4,), (4,) — (45) théa va 2 > 0. Khi d6 bai todn (5.1) c6 duy nhit mot nghiém yéu dia
phwong u sao cho:
u € L*(0,T; H* n Hg) n C([0,T]; H* n Hg) n C*([0, T]; Hy),
u € L®(0,T; H> n HY) n C([0,T]; HY),
u" € L°(0,T; L¥) N L2(0, T; HY),
véi T > 0 du nho.
~ 2 ~
Tiép theo, ta s& chirng minh rang néu folluo"”" u(z)dz —p fpl xdx f:o(x) f(z)dz > 0 va niang lwgng dau

~ 2 ~
E(0) = 2@ li3 +3 ;™" u(z)dz — [ xdx ,° f(z)dz

va F 12 d0 nho, thi moi nghiém toan cuc déu tit dan téng quat khi t — +co.
Ta xiy dwng phiém ham Lyapunov:
L(t) = E(t) + ¥ (1), (5.2)
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vGi 6 >0,

1 1 1 u(xt) 1( [lux®lf
B =5 W @I +5 (g +0)(©) - [ xdx f(Z)dZ+§< | u(z)dz—g(t)nux(tn%)
P 0 0

=@+ (G-3) <(g @ + 1" pzdz - g(t)nux(t)n%) +21(0), (53)

W) = @ (O,u(0) + 3 llu O3 + 2 w1, (5:4)
va

1) = (g *w(©) + [} p@)dz - GO lux O3 — p [} xdx [0 f(2)de. (55)

D€ thu duoc két qua tit dan, ta cAn thém céc gia thiét sau:

(Hs): f € C*(R), £(0) = 0 va ton tai cac hing sb a, B > 2; d,, d, > 0, sao cho
() yf ) < d, [] f(2)dz,Vy ER,
(i) [; f(2)dz < dy(Iy1° + 1ylF), vy € R;

(Hy):g € CY(R,}) n L*(R) sao cho:

(I) L*‘= U — g_(oo) > 0;
(ii) Ton tai mot ham & € C1(R,) sao cho:

() €@ <0< &), VE 20, [ E®)dt = o,

(i) g'®) < —E®Og(®) < 0,vt 2 0véi G(t) = f, g(s)ds va §(=o) = [ g(s)ds;
(Hs): F € L*(R,; L) n LY(R,; L?) va tdn tai cac hiang s6 duong C,, ¥, Sao cho:
IFIIF < Coexp(—yot), vt = 0;

(Hg):p > d;. )
Ta c6 b dé danh gid phiém ham E (t) sau.
Bo dé 5.2. Vi moi g; > 0, ta c6:
M E'@) < 2IF@llo + 2 IFO o[ @],
(i) E'®) < ~[lux®ll; = (2= 2) [W ©l; = 36@ g *w(® + 5 IFOI3.
Chitng minh. Nhan phwong trinh (5.1)1 béi xu'(x, t), va 14y tich phan trén [p, 1], ta thu dwoc:

E'(t)=—|u;(t)||§—z|u'(t)||§+%(g'*u)(t)—%g(t)||ux(t)||§+<F<t),u'(t)>

. (5.6)
Tir diéu kién (H,) va (5.6), ta thu dwoc (i)
E'®) < KF@®,uw' @) < IFOllollu'®Ollo < %(“F(t)”o +IFOllollw' O
T gia thiét (5.6), taco (g’ * u)(t) < —&(t)(g *u)(t), nén:
E'(t) < —lluzOIIF — llw' Ol - %f(t)(g *u)(t) — %g(t)llux(t)llﬁ +IIF@llollu' o

< O~ (2= 2) I I3 ~ 2 £0) (g = w)(©) + = IF O
B§ dé 5.2 dwgc chirng minh. m

B6 dé 5.3. Gia stv (4,), (Hs) — (He) théa va i, @i; € H2 N HE sao cho 1(0) > 0 va

N - 0\ &% _ 1— B _
n = L*—sz(l_P)< (17/)) Rg 2+,’(Tp> Rf 2)>:umax_dl; L, (57)

voi

. \1/2 1 o
R, = ((:_”ZE)L*) JE. = (E(0) +31,) exp(r), Ky = [ IF(®)llodt,

L,=p.— g(oo)' Hmax = maxzu(z)
0<Zz<R;
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Khi d6 I(t) > 0véimoit = 0.

Chirng minh. Do tinh lién tuc ctia I(t) va I(0) > 0,nén ton tai T > 0 sao cho:
1(©) = 1(u(®)) > 0,vt € [0, T].

Tw (5.3) va (5.5), ta co:

£© 2 3l @l + (5-3)( @+ | " s - OIS
25 ot 35| @ 1 GO Nu O

||u (t)|| +2= ((g *w)(6) + Lulluy (OI3), vt € [0,T].
(5.8)
T B6 dé 5.2, (5.8) va str dung bat ding thitrc Gronwall, ta thu duoc:

llux (112 + I @113+ (g *w)(e) < 22 < 22

— P2 T
L. = o, = RLVEE[OT]. (5.9)
Tl dieu kién (H;) va (5.9), ta suy ra:

2)L

u(x,t)
f i [ @z = pda (IOl + T Iy)

- 1-
<pd;(1-p) /( ) Tl + (=2 ) ol

<pd2<1—p)( (52) Re2 4 (2)" RO ) [PNGIE (510)

1) = (g *w® + 0" llu (OIIF = 0,vt €[0,T],

Do do,

véin® dugc xac dinh & (5.7).

Tiép theo, ta chitng minh I(t) > 0 v&i moi t > 0. Pat T, = sup{T > 0:1(t) > 0,t € [0,T]}, ta chitng minh riang
Ty = 00. That vy, néu T, < 0o, thi theo tinh lién tuc cta I(¢t), ta c6 I(Tg) = 0.

Cé hai trweong hop cho I(Ty).

Néu I(T3) > 0,1y luan twong tw nhuw trén, ta suy ra duoc ton tai T, > Ty sao cho I(t) > 0,Vt € [0, T,,]. Diéu nay
mau thuln véi dinh nghia cda T nén ta c6 I(t) > 0,Vt = 0.

N&u I(T%) = 0, thi
0=1(T3) = (g * w)(Ts) + 0" llu (T)II§ = 0.
Do dé
uy(Ts) = (g *w)(Ts) = 0.
Hon nita, hAm s6 s = g(Ts — s)||u,(s) — u, (T)||3 lién tuc trén [0, T4 ] va g(Ts — s) > 0, Vs € [0, T ] va
(g *w(T) = [I° g(T5 — 9l () l13ds = 0,

nén ||u,(t)|l, = 0, véi moi s € [0,T;]. Do d6 u(0) = 0, ditu ndy mau thudn véi 1(0) > 0. Vay Ty = oo, nghia la
I(t) > 0v&éimoit > 0.

BG dé 5.3 dwgc chirng minh. m
Tiép theo, ta dat:
Ei(6) = W OIIF + llux O + (g *w)(®) + (D). (5.11)
Lidc nay, ta c6 bd dé sau.
B6 deé 5.4. Gid str gid thiét ctia B6 dé 5.3 théa. Khi dé, ton tai cdc hdng s6 dwong By, By, Bz, B> sao cho

BrE1(t) < L(t) < BE1(t),Vt =0,
BLE1 () < E(t) < BoE1(t),Vt =0, (5.12)
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voi § > 0 du nho.
Chirng minh B& dé 5.4 khong qué khé nén ta bo qua chi tiét.

Bé dé 5.5. Véi moi £, > 0, va moi §, € (0,1) ta cé:

dz26> d252

V(O < [ Ol + (B2 +55) (0 WO + - IFOIE - 2210
—(w+m —(1—62)—(1 +———)g( ) —2ler —ﬂumax) e (D113 (5.13)
Chitng minh. Nhan (5.1)1 cho xu(x, t), va 14y tich phan trén doan [p, 1], ta duoc:
?'(©) = [ O ~ 1l OO + f 90t = $){auy(5), uy (D))ds
+(f(u(®), u@®) + (F (), u(®)). (5.14)

T cac bat ddng thirc sau:
O I O < .l DI,
f 96 = )9 10 < (1+ ) 90 It Ol + 5 (0 + 0O,

||ux(t)"o
(f(u®) u®) < ?2 [ f u(@dz + (g *w) () — GOl OIF - 1],
0

1) = (g *wW®) + 1 * lu (OIIF,

_ 2
(F@©),u(0) < @1 + 5 IF @3, Ve, > 0, (5.15)

tacod

1
W'(©) < I OIF ~ w1 + (1+5) FO IO + 59 +w(©

82(1_p)2 1 2
4p

d, | [lu=®Ilo
+ —U u(z)dz + (g * w)(t) — GO Nlu O — 1) | + lu, NG + 5= IF @5
b1 2¢,

2 dy 1 1 2 d, 6, dz(l - 52)
< '@l + (;+2—82) (g =W +5-IFOIF == =16 - ———1(®)

2 1- d2
—(u* (1+3) gt - % ;umax)nux(t)né

dy5, 1 1
< I @)1 + ( s )(g*u)(t)+—||F(t)||5—
—(mHr2a-6)-(1+2- ) j(oo) = 20— L) I

B6 dé 5.5 dwgc chirng minh. m

Pitp(t) = %(é + é) IF(£)|I2. Tir Bé d& 5.2 — B d& 5.5, ta suy ra

=)@+ 0©

L@ =~ (-2 8) I Ol 360 O +p0) + 5 (dfz

8d, 6 *
— 222 1(0) = 6 (" 2 (1= 8) — (1+2) g(eo) - M—%mw) eI (516)

4p
Taco
, 1-p)2 d
Slim (A2 -8) = (142)g(e0) = 2 = L) = 41 2 = G(0) = Zpr > 0.
E2—04
Nén, ta c6 thé chon &, € (0,1) va &, > 0 dd nho, sao cho:

dy

« = -p)?
0:(8282) = o+ 2 (1= 8) = (142) gloo) - 2 =2 >0

4p
Hon nita, ta cling c6 thé chon § > 0, &; > 0 d4 nho, thoa:

92(51,5)51—82—1—5>o.
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6. = min {56, 56,, ‘”;'52}' 03 =20 (dZTSZ + i)'

tacod
L'(t) < —0.E,(t) + (6. + 05)(g *w)(®) + p(b). (5.17)
Két hop B6 dé 5.2 (ii) va (5.17), ta suy ra:
SOL) < —0.5(OE (D) + (6. +05)§(D) (g I w) () +£(0)p()
< ~0LWOE(0) +200. +6:) |~E'(®) + 5 IFOI] +£0p(®
< —0,E()EL(t) — 2(6, + B3)E'(t) + Cy exp( — yot),

2B (F+ D))

& 2

voi Co = |

DAt N(t) = E(OL(E) + 2(6, + 62)E(D), ta co:
N(t) < [f(o)ﬁz +2(0. + QS)BZ]El(t) = BLE, (b),
N'() & OLE) + EOL®) + 26, + 05)E (1)
< —0.8()EL(8) + Coexp(— yot)

6, -
=- Ef(t)N(t) + Co exp(— yob). (5.18)
7 < min {22 2 1hi dé:
Chon 0 <y < min {ﬁz , 5(0)}, khi do:
N'(t) + YE()N(t) < C_O exp( — Yot)- (5.19)
Tich phan (5.19) dan dén:
N(t) < (N(O) + yO_f,/Of(o)) exp (—)7 fotf(s)ds). (5.20)

Mat khéc, ta cling cé:

N(t) = E@)L(E) + 2(0, + 03)E(t) = 2(6, + 05)B,E,(t)

> 2(0, + 0)B (v’ O3 + e (D113), (5.21)
Do do6, ta c6 dinh 1y chinh ctia phdn nay nhw sau:
Pinh 1y 5.6.
I/ @1 + llue (D113 < € exp (=7 f €(s)ds) , ve = 0. (5.22)

VL. LO1 CAM ON

Tac gia chan thanh cam on Ban bién tap, cac phan bién dé c6 nhiing 161 phé binh va nhimg y kién dong gop co gia tri
va sau sac de tac gia hoan thién bai bao.
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GENERAL DECAY ESTIMATES AND BLOW-UP FOR SOLUTIONS OF A
KIRCHHOFF-CARRIER TYPE VISCOELASTIC WAVE EQUATION IN AN
ANNULAR DOMAIN WITH STRONG DECAYING TERMS
Le Huu Ky Son

ABSTRACT— This study investigates a Kirchhoff-Carrier-type wave equation in an annular domain with strong decay
terms. Firstly, by applying linear approximation, the Faedo-Galerkin method, and a priori estimates with compactness
arguments, we prove establish the existence and uniqueness of weak solutions for the proposed problem.Next, by
constructing a Lyapunov functional, we present a blow-up result for solutions with negative initial energy. Finally, we
establish a sufficient condition ensuring the general decay of any global weak solution.

Keywords— Faedo-Galerkin method, Kirchhoff-Carrier type, Viscoelastic wave equation, Strong decay term; Blow-up,
General decay.
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