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TOM TAT— Bai bdo nghién ctru bai toan Dirichlet cho phwong trinh séng phi tuyén chtta s6 hang dan hdi nhét phi tuyén va
s6 hang phi dia phwong. Bang cach str dung cong thirc Taylor, bai bao thiét 1ap mét thuat giai lap cip hai va chirng minh rang
thuat gidi nay hoi tu va cing véi danh gia sai s6 cip hai.

Tir khéa— Phuong trinh s6ng phi tuyén, s6 hang phi dia phwong, thuét giai 13p cip hai.
I. GIO'1 THIEU

Trong bai bdo nay, ching t6éi nghién ctu bai todn bién cho phwong trinh séng phi tuyén chira s6 hang phi dia
phuong:

1
Uy —y[jqﬁ(y)u(y,t)dyjuXx KUl P u A = (%00,
0

(1.1)
0<x<1,0<t<T, lién két v&i cac diéu kién Dirichlet:
u(0,t)=u(Lt)=0, (12)
va diéu kién dau:
u(x,0)=0,(x),u,(x0)=0,(x), (13)

trong d6 K >0,4>0,p>3,0>2 1a cic hing s8 thuc, u, f,4,0,,0; 1a cdc ham cho truéc thoa cac didu kién ma ta
sé chi ra sau. Bai toan (1.1) - (1.3) c6 nhiéu y nghia trong co hoc, dwgc quan tAm nghién ciru trong thoi gian gan
day [2]-[10] va c4c tai liéu tham khéo trong d6, dién hinh nhu:

Nam 2018, trong [6], Nhan va cac cdng sy da nghién cttu bai todn Robin-Dirichlet sau day cho mét phwong trinh
séng phi tuyén cé dang:

1
U, _gl}l(x’t’jg(x’ y,t,u(y,t),ux(y,t))dy)ux}: f.(xt),0<x<10<t<T,
0

u,(0,t)—hyu(0,t)=u(1,t)=0,
u(x,0) =0y (x),u, (x,0) = 0, (),

(1.4)

trong d6 , f;,9,0,,0; 1a cAc ham cho trwdc va h, >0 13 hang s6 cho trwdc. Trong cong trinh nay, cic tac gia da
st dung phwong phéap x4p xi tuyén tinh d€ chitrng minh sy tén tai duy nhit nghiém yé&u cho bai toan (1.4) va khai
trién tiém cén cla nghiém yéu theo mét tham sd bé ¢ cho bai toan.

U, —%(/48 [u](xt)u,)=f,(xt),0<x<L0<t<T, (1.5)

lin két véi (1.4)23, trong dé:
ug[u](m)=y[x,t,ig(x,y.t,u<y,t),ux(y,t>)dy]+%[x,t,igl<x,y,t.u<y.t>.ux(y,t>)dy]. (16)
Thuét gidi lip cip cao gin day da dou'()*c mot s tac gia 4p dung d€ giai quy(i'a’t c4c bai todn bién phi tuyén, xem [4],

[51, [7], [9], [10] va cAc tai liéu tham khao trong d6. Thuit giai lip cip cao dwoc md ta bdi viéc lién két bai todn
khdo sat véi mot day qui nap phi tuyén, déong thoi chirng minh sw hi tu bic cao vé nghiém yéu duy nhit cia bai

* Corresponding Author



126 THUAT GIAI LAP CAP HAI CHO PHU'ONG TRINH SONG PHI TUYEN CHU'A SO HANG PHI DIA PHUONG

todn twong &ng. Trong [7], cic tac gid da khao sat bai to4n bién cho phwong trinh séng véi ngudn phi tuyén chira
s6 hang phi dia phwong dang tich phan theo bién thoi gian:

Uy —%(g(x,t)ux)wmt = f (x,t,u)+j;g(x,t,s,u(x,s))ds, (1.7)

0<x<1,0<t<T,véicac diéu kién bién Dirichlet, trong d6 A # 0 1a mot hdng sé va 0,0, f,g, # 12 cic ham cho
trude. Trong bai bdo nay, cac tac gia da xay dwng mot day qui nap phi tuyén {um} lién két véi bai toan (1.7) dwoc

xac dinh béi

N-Illt . ; (1-8)
- _—!‘([[Dj‘g (%t:5,Up 1 (%8)) J(Up (%,5) =, 4 (%,5)) ds,

va u, théa man cac diéu kién bién va diéu kién dau twong &ng.

JIj
o

Trén co s& tham khdo c4c bai b4o néi trén, chiing tdi nghién ctru bai toan (1.1) - (1.3) bang cach chia lam cac phan
nhw sau. Trwéec tién, ching toi sé gi¢i thiéu mot s6 ky hiéu, dinh nghia va cic khéng gian ham ciing cac b6 dé cin
thiét trong Phan I1. Tiép theo, trong Phén III chdng t6i thiét 1ap mdt thuét giai lap cip hai cho Bai todn (1.1) - (1.3).
Cuoi cuing, trong Phan IV, chung t6i chirng minh sy hdi tu va danh gia sai s6 cua thuit giai.

II. CONG CU
Dat Q=(0,1). Ching ta bd qua cac dinh nghia ctia cAc khong gian ham théng thwong va ky hiéu ching bang cac ky
hiéu L* =L°(Q2), H" =H™(Q). Ky hiéu <~, > 1a tich vo huéng trong L® hoic cap tich d6i ngau ctia mot phiém ham

tuyén tinh lién tuc véi mot phan tir ciia khong gian ham. Ky hiéu || chi chuén trong L? va ”"x la chuln trong
khong gian Banach X. Ta goi X’ 1a khong gian d6i ngiu ctia X. Ta ki hiéu: L" (O,T; X ),1 < p £ lakhdng gian Banach

cac ham thyc U:(0,T) = X do dwoc, sao cho |ul| < 400 , Vi

LP(0,T;X)

T 1p
u , LS P <+400,
([} luol &) 1=

esssupfu(t), . p=-+e.
O<t<T

"u”LP(o,T;X) =

Ta viét u(t), u'(t) =u, () =u(t), u"(t) =u, (t) =u(t), u(t) =Vu(t), u,(t) =Au(t), lan lwot thay cho
au o°u au o’u

u(x,t), E(X’t)’ ﬁ(x,t), &(x,t), W(x,t).

Trén H'=H* (Q), ta sé dung chuin sau day:

Ml = (VI + vl

Ta dat:

1/2

Ho ={ve H'(Q):v(0)=v(1)=0},
Khi dé, Hé 1a khéng gian con déng cia H* va trén Hé hai chudn Vi ||V||Hl va Vi ||VX|| la twong dwong.

Mit khac, H; nhtng lién tuc va ndm tra mat trong L*. Ta dong nhit L* véi (L2 )’ (d6i ngu ctia L?), ta c6
Hi > 2= (L2 )’ —>(Hé)’ =H™ (nhung lién tuc trong (Hé)’ ). Chu ¥ réng, ky higu (-,-) cling dwoc st dung dé chi
tich d6i ngdu ctia H} va H™.
Ta c6 cac b6 dé sau day:

B& d@ 2.1. Cdc phép nhiing H* - C([0,1]), H; — C([0.1]) Ia compact va
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”V”c([o,l]) < \EHV"Hl , YeH',

”V”c([o,l]) < "Vx " ’ Vve H(l)!
1
<l wen;

Trong bai nay ching t6i ciing st dung cac khong gian Banach:
V; ={vel”(0,T;H? nH}) v e L"(0,T; Hy),v" e P (0.T; %)},
W, (T)=C([0,T];Hg)nC ([0.T]; %),

v&i cac chudn twong tng lan lwot la:

vl = max{ v

L (0,T;H2AHY) ;”V l"l_”(o,T;Hg) ;||V"||L2(0,T;L2) }’

||V||W1(T) = "V"c([o,T];Hg) +"V I"C([O,T];LZ) '

I1I. THIET LAP THUAT GIAI LAP CAP HAI

(2.1)

(2.2)

Truéc hét,cho K >0, >0, p>3, q>2 lacachingsd cho trwéc,va T >0 cd dinh, ta thanh 1ap cac gia thiét sau:

(H,):0, e HZ AHE, 0, e H:;
(H,):4eL*(0.);

(H,):1€C*(0)) sao cho ton tai hing s8 44 >0 théa u(y)> ., Vyel;

(H,):f eC*([0,1]x[0,T7]) . f(0t)=f(Lt)=0,vte[0,T"]

ao cho

Trong phan nay, ta dinh nghia U 1a nghiém yéu cta Bai toan (1.1) - (1.3) néu

ueV; ={ve L”(0,T;H* nH;):v'e L*(0,T; Hy),v" e L*(0,T; L)},

va U thod phwong trinh bién phan nhw sau:

(u(0).) +ae( (0 (0 (0w )+ K (O *u(e)v)+ 2 @ *w (0).v) = (1 (1)),

véimoi ve Hy,vahauhét te (O,T), lién két véi diéu kién dau
u(0)=0a,,u'(0)=0,

trong do, ta ky hiéu:

1

(pu(t))=[g(y)u(y.t)dy.

0

Cho truéc T*>0 ¢ dinh, véimbi T e (O,T *] va M >0, ta dit

W(M,T)={veV; :|v, <M},

W, (M, T)={veW(M,T):v" eL” (0T;L°)}.

Béy gi¢ ta thiét 14p thuit giai 13p cdp hai théng qua mot day lap {um} nhu sau:

() Chon buéc lap ban dau u, =0.

(1) Gia sa:

(3.1)

(3.2)

(3.3)

(3.4)

(3.5)
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Uy, €W, (M,T).

(3.6)
(iii) Tatim u, e W, (M ,T) thoa bai toan bién phan
<ur,r'1(t)’v>+ﬁm(t)<umx(t)’vx>+ﬂ'<|ur:1(t)|q72ur,n(t)’v>+<a)m(t)um(t)’v>=<_m(t)’v>’ (3.7)
véimoi ve H;,Véhﬁu hé’tte(O,T), lién két véi diéu kién dau
Un, (0) = Uy, Uy, (0) = 0, (3.8)
trong do:
iy (1) = ({0, (1)),
_m(X’t):(p_l)K|um—l(X’t)|p72’
E (xt)=(p=-2)Klu_, (xt)" "u_, (x.t)+f(xt).
() =(0-2)K s (0 0 (10 1 (00 .

Khi d6, dinh 1y sau diy cho ta két qua vé su ton tai ctia diy 1ap mo ta béi (3.6) - (3.9).
Pinh 1y 3.1. Gid str cac gia thiét (H,)—(H,) ding. Khi d6, ton tai cac hiing s6 dwong M va T sao cho ton tai ddy
1ap {u,} =W, (M,T) xac dinh b&i (3.6) - (3.9).
Chitng minh Pinh Iy 3.1. Do khuon kho han ché s6 trang cia bai bao, ching t6i néu phat hoa chitrng minh dinh ly
nay nhu sau.
Sw ton tai cia ddy qui nap (phi tuyén) {um} nay dwgc chirng minh dwa vao phwong phap xap xi Faedo-Galerkin
(xem Lions [1]) két hop véi cac danh gia tién nghiém twong ty nhw trong [9].
Ngoai ra, sy hoi tu manh trong W, (T) cla day {um} vé nghiém yéu U cda Bai todn (1.1) - (1.3) cung véi danh
gia sai s6 cling dwgc chirng minh trong phan IV bén dwdi day.

IV. SU HOI TU CUA DAY LAP CAP HAI
Két qua vé su hoi tu manh ctia ddy {u,} trong W, (T) v nghiém yéu U cta Bai toan (1.1) - (1.3) dwoc cho béi

dinh ly sau:
Pinh 1y 3.2. Gid st cdc gid thiét (H,)—(H,) ding. Khi dé, ton tai cdc hdng s6 dwong M va T sao cho

(i) Bai todn (1.1) - (1.3) ton tai duy nhdt mot nghiém yéu ueW, (M,T),
(i) Day lap {u,} xdc dinh b6i (3.6) - (3.9) hoi tu manh trong W, (T ) va cé mot ddnh gid téc do héi tu cdp hai theo
nghia

U =l g, <Cr (ke )", voi moi mel, (4.1)

trong dé C; >0,0<k; <1 la cdc hdng sé déc lap véi m.
Chitng minh Dinh ly 3.2.

Ta s& chirng minh rang {um} la diy Cauchy trong W, (T) .
bit w, =u,,, —U, . Khidd, W, thdéa baitoan bién phin

(Wi (0 V) g (0) (Wi (0, )+ 2 (O U ()= (0] 0 (0) )
[ s ()= 2 (6)] (801 (6):) = K (P=2) [t (0] U (0) =t s (0] s (1), V)

(4.2)

trong do:
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Fin (1) = (81U, (1)),
Fy (%) = K(P=2)|up (1) s (1) + F (x,1).
Ldy v=w; (t) trong (4.2), sau d6 14y tich phan theo t, ta thu dwoc

trong do:
Zy () =W (O + Eoer (0) W (O]

+ ZA_I[< u (s)|H Upy () —ur, (s)|q*2 up (s),w, (5)>ds,
0
Ly (1) = (P=D)Jun () wy (£)+]u (8)]) g (1)
o O s ()= (P =1 (O W, 4 (1),
Cht y rang do ham X |X|q*2 X 1a don diéu ting, nén
Unea (8)" Ui ()=t ()" Ui (5). Wi (5)) 0520,
va fi,,; ()= >0, do dé:
t
Z, (0) =i, (O + g (O (O + 22 {
0

>z, (),
trong d6 & =min{l s} va
o (0) = W O+ (O

Z
Ta dinh nghia hing s6 K,, (#), nhw sau

t

I

0

N 2
KM (:u) = ”’u”Cl([—Ml,Ml]) = "'u"C([—Ml,Ml]) + ;" Di f "C([—Ml,Ml]) !

e =P e (V)] y] < M},
Ml = ¢*M 1 ¢k = ||¢||L2(O,l) .

Tiép theo, ta sé danh gia cac tich phan bén vé phai cta (4.4).

Pdnh gid tich phdn Z, = j By (3)[ Wi (s)||2 ds. Ta c6
Ty (1) = ({4,000 (1)),
o (8) = 2 (8. (0)) (60 (1),

ﬁ:rwl (t)‘ < KM (ﬂ)”¢"|u|,n+1 (t)"S KM (:U)¢*M =Ky (ﬂ)Mr

Do dé

t
Zl = Jﬁéwl (S)"me (S)HZ dS S lZM (:u) Ml
0

O

N

3

—_
w

~
o
w

t
Danh gid tich phan Z, = 2[ [ fiy., (5)~ iy ()]
0

s (0= (0)= (0 (1)

ur,n+1 (S)| P ur'n+1 (S) —|Ur’n (S)|p72 u

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)
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o (1) =6, (.U, (1) +(1-6,)(4,u, (1)),0< 6, <1.

Chu y ring
@, (t)|=|491<¢,um+1(t)>+(l—91)<¢,um (t)>| (4.10)
<L s (O + (2= Jun (V)] < M = M,
Do dé
|1t (e, (1) < Ry (10)- (4.11)
Ta suy ra
B (0) = B ()] = (Wi (6)) 2 (5, (6))] < Ko (1) Wi ()] (4.12)
Vay
z, —ZJ[uM = i () ](Auy (5), Wi, (5))ds
< 2] (5) 0 (5w (5o (5
° (4.13)

t
<2] K, (1), o 5 s 5

t
Ddnh gid tich phdn Z, = —2KJ.<Lm (s).w;, (s)>dS. Str dung khai trién Taylor cho ham H(z)= |Z|p72 Z xung quanh
0

diém u,, , (t) ,taco 0< 6, <1 sao cho:

Jun (O (£) = H (uy (1)

(4.14)

trong d6 G, (t)=u,_, (t)+ 6w, (t).
Khi d6, ta viétlai L, (t) nhuw sau:
Lo (=Pl (O (| (P2 () (O 05 ()R- (220, (O “0 (0|
~(P=1)ups () W, (1) (4.15)
= (P=D)uy (0] we () + 52 (0)(P-2)(P-2)[8, (0] 0, (1),
Chu y ring
|, (1)) =[Upy (X, 1)+ B,w, (X))
<0, [up, (%,1) + (1= 6,)|u,, (x.1)| (4.16)
<6, vu, (t)]+(1-6,)|Vu,_ (1)< M,

tir d6, ta suy ra mot danh gia cho ||Lm (t)" nhu sau:

_2 l p-3 2
I 0= (1M (O +E(p-1)(p-2)m ., 0]
(4.17)
2 l p-3 2
S(p_l)M ' "Wm (t)”+§(p_l)(p_2)M ||Wm71||w1(T)

Ta suy ra:
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t t
Zy=-2K [(L, (s),wy, (s))ds < 2K [, (s)]|wn, (s)] ds
0 0
t _ 1 ~ ,
< 2K (P oty () + 3(p-1)(p-2)M oty iy, (5
0
t
=2K(p-1)M p’Z'f"wm(s)”"w s)|ds+K(p-1)(p-2)M"*|w, 1|| j"w s)|ds (4.18)
0
t
S%TKz(p—l)z(p—2)2 M 2P-6 ||Wm71||3v1 +[1+K (p-1)M*?] j .
0
t
=T&4(M )”Wm—lufmm +& (M )jZm (s)ds
0
trong do:
1 2 2 _
M)==K?*(p-1 —2)"M?2e,
&(M)=2K(p-1) (p-2) 10
&(M)=1+K(p-1)M*?2,
Két hop (4.4), (4.8), (4.13) va (4.18), ta thu dwoc
t
Z, () <TE (M)W, ) +E& (M) [ Z,,(5)ds, (4.20)
0
. F 1 z
trong d6 & (M) = 51( ) & (M)= E(‘fz(M)-FZKM (,u)Ml).
St dung bat ding thlrc Gronwall két hop véi (4.20), ta suy ra
Z, () <STE(M)Wislly, X0 (TE (M)). (4.21)
Do dé ta cé
T S LA (4.22)
voi
ty =2,[TE (M)exp(TE, (M), (4.23)
vavéi T >0 dinhosaocho 0<k; =My, <1,
Miit khac
"um _um+r ||W1(T) = "um _um+1||Wl +||um+l _um+2||wl(-|') + "'+||um+r—l _um+r ||W1(T) (4 24)
Sy R Y St A I
Twr (4.22), ta suy ra:
2
Y = ' oy
2? 2?
S (Y I oy 7 VA oy
14+2+22 2
= 7 (Wl (4.25)
2y ot om 1-2m om
Seers lu%ﬂﬂ o ( W0||W1(T)) =t ("WU"Wl(T))
1 1 » 1 2n
o ol ) <) = (k) e,
hay
1 2 (Mg) 1
"Wi "Wl(T) = ;(ﬂr ||W0||W1(T)) < L =;(k ) Viel. (4.26)

Két hop (4.24) va (4.26), ta thu dwoc
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"um _um+r"W1(T) < "Wm"wl(T) +||Wm+1||wl(T) +"Wm+2"w1(T) +"'+"Wm+rfl||wl(1')

! +ot (K )zmH]

s;[(kT) )+ (k)

om+2

"
< i[((kT ) )1 +((kT ) )2 +((kT ) )3 +...+((kT ) )} (4.27)

1 2n
= — k —
) 1-(k, )’
1 m 1 1 » 1
<1 <L
) 1-(k; )’ W) T
1 1 2
S S
y 1_kT ( T)
Vay
< 1 1 Y v 0
U =V ) _Zl—kT( ;) . vmrel. (4.28)
Dieu nay chirg t6 {u,} 12 mot ddy Cauchy trong W, (T ). Do d6, ton tai u e W, (T) sao cho
U, — u manh trong W, (T) (4.29)

Mat khac, do {um} W, (M ,T), nén ta c6 thé 14y ra mot ddy con, van ky hiéu l1a {um} sao cho
u, — U yéu*trong L~ (O,T; H2N Hé)

u. —u’ yéu* trong L* (O,T; Hé),

u’ —u” yéutrong L’ (O,T; LZ),

ueW(M,T) (4.30)

)

u (t)_ (t)" Kw ('u)¢*"um_u"wl(T) -0

Mat khac

7 (0) = ({0 (1)) = (900 ()~ ({0 (1)
< KM (ﬂ)¢* m <K
do do, ta thu dwgec tir (4.29), rang

4, () —> ,u(<¢,u (t)>) manh trong L”(0,T). (4.31)
Hon nita, tir ddng thirc
@, (X t)u, (x,1)-F, (x,t)-K |u(x,t)|p*2 u(x,t)+f(xt)
= (P K |y () (U (%) = Uy, (x,1)) + K[|um,l(x,t)|‘”um,l(x,t)—|u(x,t)|"*2u(x,t)]

két hop véi viéc sir dung bat dang thirc,
‘|x|p'2 x—|y" 7y < (p—1)M*2|x—y|,¥x,y €[-M,M], (4.32)
ta thu duoc tir (4.29) ring
@, (%8s (5= Fy () =K Ju () “u(xt) + 1 (x1)
<(P=2) K uy s (50" 0 (6 ) =ty (X0 K s (18] s () =Ju ()" (x,0)]
<(P=1)KM "2 uy (t) =ty y (V)] +(P=1) KM P 2[u L (x ) —u(x,t)|

< (P =DKW Juy =ty )l =l |
Do d6,
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a,u, —F, > K |u|pf2 u—f manhtrong L* (O,T; L ) (4.33)
St dung bat ding thirc (4.32) motlan nita véi P thay béi 0, taco

ur (O (6) o (0" u'(t)” <(a-D)M*? uy (1) - (V)] <(@-DM "2 u, ], .,

Do dé,

lus|"*up > Jul"*u’ manh trong L (0,T;L%). (4.34)

Qua gidi han trong (3.7), nho vao (4.29), (4.30)3.4, (4.31), (4.33), (4.34) ta thu dugc ue W, (M ,T) la nghiém yéu
cta Bai toan (1.1) - (1.3).

Tinh duy nhat nghiém yéu ciing dwoc chirng minh nh¢ bit ddng thirc Gronwall.

Cé dinh m, cho r — +oo, ta thu dwoc wéc lwgng (4.1) tir (4.28). Vay Dinh 1y 3.2 dwoc chitng minh hoan toan. m

V. KET LUAN

Bai bao nay khao sat mét phwong trinh séng phi tuyén chira s6 hang dan hdi nhét va s6 hang phi dia phwong lién
két vdi diéu kién bién Dirichlet thuin nhit va diéu kién dau. Trwdc tién, chiing toi da st dung cic phwong phap
thich hop cta giai tich ham phi tuyén dé phat biéu dinh Iy (Pinh ly 3.1) vé sw ton tai ctia moét diy ldp phi tuyén.
Sau do, bai bdo da chitrng minh day lip nay hoi tu manh vé nghiém yé&u duy nhit cta bai toan ban dau cing véi
danh gia sai s6 c4p hai cling dwoc chitng minh (Pinh 1y 3.2).
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A SECOND-ORDER ITERATIVE ALGORITHM FOR A NONLINEAR WAVE
EQUATION WITH A NONLOCAL TERM
Duong Thi Mong Thuong, Doan Thi Nhu Quynh*

ABSTRACT— This paper investigates the Dirichlet problem for a nonlinear wave equation involving a nonlinear viscoelastic
term and a nonlocal term. By employing a Taylor expansion, a second-order iterative algorithm is constructed. It is proven
that the algorithm converges and achieves second-order error estimates.

Keywords— Nonlinear wave equation, nonlocal term, second-order iterative algorithm.
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