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TOM TAT— Score-Flow Matching (SFM) két hop Flow Matching (FM) va Score Matching (SM) nhim tin dung dong thoi dong
lwc hoc toan cuc cua truedng van tdc va tin hiéu hiéu chinh cuc bd tir gradient log-mét-dd. Tuy nhién, SFM thwong chiu dnh
hwéng bdi (i) bat 6n téi wu do wéc lwong score cé phwong sai lén va (ii) suy gidm hinh hoc trén cic phin phdi da-mode khi
dwdng di xac suit gay “chéo nhau” trong khong gian trang thai. Trong bai b4o ndy, chiing tdi dé xuit SFM ting cwdng bang OT
(OT-SFM): str dung minibatch entropic optimal transport (OT) coupling d€ ghép cip giitra phan phoi kh&i dau don gian va phin
phdi dit liéu, tir d6 cdm sinh mot OT-Gaussian bridge path c6 hinh hoc tron hon, gidm giao cit va giup trudmg van t6c dé hoc
hon. Trén nén OT-SFM, ching t6i mé& rong hai co ché diéu chuin Fisher da dé xuit trwdc day: OT-SFM-FFR (Full-Fisher
Regularizer) va OT-SFM-PFR-VR (Projected Fisher Regularizer v&i gidm phuwong sai), nhdm dong thoi ting 6n dinh t6i wu va
ning chit lwong khép phan phdi. Thwe nghiém trén di liéu moé phdong 2D da-mode cho thdy OT-SFM cai thién én dinh va cho
sai khac phin phdi thip hon so v&i SFM chudn, dic biét trong cac c4u hinh hinh hoc phi tuyén.

Tir Khéa— M6 hinh tao sinh, Score Flow Matching, Flow Matching, vin chuyén t6i wu, Fisher regularization.

I. GIO'I THIEU

Hai huéng tiép cin chi dao trong mé hinh sinh hién dai la score-based (hoc V,log p(x) va flow-based (hoc trwong
van tdc/véc-to anh xa cac bién phan phdi theo thoi gian). Score-based diffusion/SDE cho chit lwong miu cao
nhwng thwong tén nhiéu buwdc mé phong; Flow Matching va Conditional Flow Matching cho phép huéin luyén
“simulation-free” 6n dinh hon théng qua hdi quy trwong van téc muc tiéu. Score-Flow Matching (SFM) két hop
hai nhanh nay nhung gip nut thit: wéc lwgng score doi héi tinh todn dao ham bac hai (hoic x4p xi Hutchinson) dé
gay nhiéu/variance; ddng thdi, chat lwong hoc flow phu thudc manh vao dwdng di xac suit (probability path) duoc
lwa chon. Truwéc d6, T. Nguyen va D. Le [1] da dé xudt hai bién thé diéu chuin Fisher: SFM-FFR va SFM-PFR-VR,
nham gidm bat 6n t8i wu va cai thién “geometric fit” clia phan phdi mé hinh. Tuy nhién, mét han ché quan trong
van ton tai: dwong di Gaussian/linear bridge v&i ghép cdp ngiu nhién gitra nhiéu va dit liéu c6 thé gy crossing
(c4c quy dao “chéo” nhau), khién trudng van téc khé hoc va dan dén méo hinh hoc trong cac phan phdi da-mode.
Pong gop chinh:
e Chung toi dé xuit SFM ting cudng bing OT (OT-SFM): dung minibatch entropic OT dé tao coupling gitta
Py (nhiéu) va p, (dix liéu), tr d6 dinh nghia OT-Gaussian bridge path giam chéo nhau.
e M¢ rong diéu chuin Fisher thanh OT-SFM-FFR va OT-SFM-PFR-VR.
e Thwcnghiém 2D cho thdy OT-SFM cai thién d6 6n dinh va metrics (MMD/SWD/Energy) so vi SFM khong
diéu chuin trong nhiéu ciu hinh hinh hoc phi tuyén/da-mode.

II. TONG QUAN NGHIEN CU'U

Trong cidc md hinh tao sinh hién dai, hai hwéng tiép cin chu dao 14 diffusion/score-based va flow-based. Score
matching 12 mdt hwéng hoc md hinh mat do khong chu&n hoa bing cach khép score V,log p.(x) thong qua Fisher
divergence, tranh phai tinh hing s6 chuin ho4; cong thitc c¢6 dién cta Hyvirinen dit nén tang ly thuyét va thuc
hanh cho nhém phwong phap nay [2]. Trong b6i cdnh m6 hinh sinh hién dai, score dwgc st dung nhw trwdong
gradient diéu khién cac déng lwc hoc ngwoc thoi gian trong khudn khd SDE, din dén ho mé hinh score-based/
diffusion c6 chat lwgng sinh mau cao va ly thuyét chit ché [4]. Tuy nhién, score matching “dting” thudng can tinh
vétJacobian/ divergence; do d6, cac bién thé dung phép chiéu ngiu nhién nhw sliced score matching gitip mé rong
quy mo bing wéc lwong vét theo kiéu Hutchinson va gidm chi phi tinh todn [3]. Song song véi score-based
methods, Continuous Normalizing Flows (CNFs) hoc phép bién ddi lién tuc dwa trén ODE. Gan diy, Flow Matching
(FM) dé xuit cach huin luyén CNFs “simulation-free” bang héi quy trwdng van téc muc tiéu trén cac dwdng dan
xac sudt c6 diéu kién (conditional probability paths), dem lai tinh 6n dinh va kha nidng mé rong rdt manh [5]. Cac
khung hop nhit nhu ndi suy ngiu nhién (Stochastic Interpolants) chi ra cAch nhin théng nhét giita flow (ODE) va
diffusion (SDE) bing cach dic trung hod drift/ score nhw nghiém t8i wu ctia cac bai todn binh phwong téi thiéu,
ddng thoi tao ciu noi t¢i cdc mo hinh ciu Schrodinger [6]. Ngoai ra, Rectified Flow nhdn manh viéc hoc cac quy
dao “thdng va nhanh” gitra hai phan phd&i, cho phép md phéng hiéu qua va c6 lién hé trc tiép téi t6i wu hoa chi
phi van chuyén [7]. Optimal Transport cung cip hinh hoc ty nhién trén khéng gian phan phéi xac suit va tré thanh
céng cu nén tang trong hoc may hién dai, dic biét nh¢ cdc phwong phap giai xap xi quy mo 1én. Entropic OT va
Sinkhorn algorithm cho phép tinh OT hiéu qua bang matrix scaling, tao ra cic khoang cach/ d6 do kha dung trong
thwe nghiém [8]. Téng quan hé théng va cac tng dung (tlr thi gidc may tinh t&i hoc may) dwoc trinh bay day da
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trong chuyén khao ctia Peyré & Cuturi [9]. Trong mo hinh sinh, OT xut hién tir géc nhin khodng cach Wasserstein
va cac bién thé do6i khang, tiéu biéu 1a Wasserstein GAN gidp cai thién 6n dinh hoc va gidm mo hinh sup d6 (mode
collapse) trong nhiéu thiét I4p [11]. Mot nhanh khac phan tich mé hinh sinh nhw bai to4dn OT gitta phin phdi dir
liéu va phan ph6i mé hinh, 1am ré vai tro clia encoder/ probabilistic coupling trong cac md hinh c6 bién dn [12].
Schrédinger bridge (SB) c6 thé xem nhu mdt bién thé “OT c6 nhiéu/ entropy” (entropic OT trong khong gian
dwong di), va di dwoc khai thac dé cai thién/ dién gidi cac m6 hinh diffusion/ score-based. Dic biét, Diffusion
Schrédinger Bridge (DSB) két néi SB v&i score matching va dwa ra thuét todn dwa trén wéc lwgng score d€ giai bai
todn bridge, cho phép kiém soat t6t hon quy dao va/ hodc ting téc trong mot sé bdi canh [10]. Nhitng méi lién hé
SB-flow-diffusion nay ciing dwoc thdo ludn trong cac khung hop nhit nhu ndi suy ngiu nhién (Stochastic
Interpolants) [6]. Trén nén FM/SFM va cac bién thé score matching (exact hodc VR), bai b4o nay phat trién hwéng
SFM dwgrc ting cwong bdi OT bang cach dwa OT vao coupling/ path (thay vi “cdm truc ti€p” vao cong thikc score),
nham gidm crossing va cai thién hinh hoc ctia quj dao khi hoc treong van téc. Dong thoi, nghién ciru ké thira va
mé& rong cac bién thé diéu chuin Fisher da dé xuit trué¢c d6 (FFR, PFR-VR) trong céng trinh truedc day [1] d€ nang
On dinh t6i wu va gidm phwong sai wéc lwgng divergence.

III. CO' SO’ LY THUYET

Phin nay trinh bay nén tang toan hoc cho phwong phap dé xuit: (i) nén tdng cho moé hinh Score-Flow Matching
(SFM); (ii) hoc trwong score theo thoi gian théng qua cic co ché diéu chudn Fisher gobm FFR (Full Fisher
Regularization) va PFR-VR (Projected Fisher Regularization with Variance Reduction); va (iii) co ché ghép cap
endpoint dya trén Optimal Transport (OT) nhdm thay d6i phan phéi hudn luyén trén cac bién p,.

A. SCORE-FLOW MATCHING (SFM)
Xét khong gian R? véi phan phéi dit liéu dich pgae, va mot phan phdi khéi dau don gian p, (thwdng chon Gaussian
chuan). Muc tiéu la xay dung mot ho phan phdi theo thoi gian {p; }ejo,1] Sa0 cho py = py Va p; = Pyata-

Gia str ton tai mot trudng véc-to phu thudc thoi gian u,: R4 - R? diéu khién dong luc xac dinh theo ODE:

dx.
d_tt = u (Xe), Xo ~ Po (1)
Khi X, tudn theo (1), mit do p, cia X; phai thoa phwong trinh lién tuc (continuity equation), thé hién bao toan

xac suit dwdi dong chay do u, tao ra:
90 () + V- (pe(x) ur(x)) = 0 (2)
Dé dwa (2) vé cac muc tidu hoc may kha tich, ta xét mot dwong dan cé diéu kién dwoc chi muc béi bién an z.
Pinh nghia 2.1 (Pwong dan xac sudt c6 diéu kién). Mot ho phan phdi {p, (:| z)},e(o,1] dwoe goi la dwong dan c6
diéu kién néu phan phéi bién dwoc sinh b&i phép chap theo z:
pe(x) = fpt(x | 2) P(Z) dz (3)
Trong bai nay, ching tdi st dung dwong dan Gaussian cé diéu Kién véi cac ham a(t), B(t) tron theo t:

Xelz~N(a®)z B o X, =al)z+pB(t)s ¢ ~N(0,1) (4)
Lua chon a, B dwoc dit dé khép diéu kién bién (tait=0, «(0) = 0,8(0) = 1vaa(1) = 1,8(1) = 0khit=1, trong
mot ciu hinh pho bién), tir d6 py va pyara duoc ndi boi {p,}.

Gia st v&i mbi z ton tai mot tredng van tdc cd didu kién uj(x | z) sao cho p,(x | z) théa phwong trinh lién tuc c6
diéu kién:

0:pe(x IZ)+V'(pt(x~| Z)ui(x12)) =0 (5)
Khi d6, tredrng van tdc bién c6 thé biéu dién dwédi dang ky vong c6 diéu kién:
uy(x) = E[ui(x 1 2) | X, = x] (6)

Du&i cac diéu kién tron déu cho phép hoan ddi dao ham va tich phan, (6) ddm bao ring p, trong (3) thda (2). Ndi
cach khac, mo ta dong luc & mirc ¢ diéu kién da dé suy ra dong luwc & mirc bién.

Uu diém quan trong ctia dwdng din Gaussian (4) 1a ca vector field cé diéu kién va score c6 diéu kién déu c6
dang khép kin.

e Score c6 diéu kién. Vi p,(x | z) 1a Gaussian, ta c6

x—a(t)z

Vxlogpt(x | Z) = - B(t)z (7)
Biéu thirc (7) cho thiy score c6 diéu kién déng vai tro nhw mot “denoiser” tuyén tinh theo thanh phan nhiéu; score
bién V,logp, (x) thu dwoc bang phép chap theo z trong (3).
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e Vector field c6 diéu kién. V6i X, = a(t)z + B(t)e, ton tai cong thirc ddng cho uf(x | z) (tuyén tinh theo
x va z), cho phép huin luyén bang hdi quy MSE ma khong can giai ODE trong qua trinh t&i wu.
Bén canh ddng lwc xac dinh (ODE), ta c6 thé xét dong lwc ngiu nhién bang cach bs sung khuéch tan:
dXt = bf(Xt) dt + O-f th (8)
trong d6 W, 1a chuyén dong Brown. M4t d6 cia nghiém SDE tuin theo phwong trinh Fokker-Planck; dic biét, khi
o; = 0 thi (8) suy bién vé ODE va nghiém méit d6 quay vé phwong trinh lién tuc (2).
Trong SFM, ta ding score d€ “hwéng” dong lwc ngiu nhién, tao thanh SDE kiéu Langevin-guided:

Ham muc tiéu SFM
Thay vi t6i wu tryc ti€p cdc muc tiéu bién (kho kha tich), SFM t6i wu cac muc tiéu c6 diéu kién nho cac dich déng
clia dwdng dan Gaussian.
e Conditional Flow Matching (CFM). Goi uy(x, t) 1a mang x4p xi trwedrng van téc. Ta khép no véi vector
field c6 diéu kién muc tiéu u; (x | z) bang:
Cerm(8) = E[ll ug(x, t) — ui(x | 2) 1I?] (10)
e Conditional Score Matching (CSM). Goi s4(x,t) 1a mang score. Ta khép né véi score cé diéu kién
V. logp,(x | z) bang:
Cesm(P) = E[ll 54 (x, t) — V,logp, (x | 2) 11%] (11)
Hai loss (10)-(11) dong quy (t&i hdng s8/d6i bién ky thuat) véi cac loss bién twong &ng, nhung thuan loi vé mit
thwc nghiém vi cadc muc tiéu c6 dang déng va cé thé 1dy mau truc tiép tir dwong dan.

Pinh nghia 2.2 (Muc tiéu Score-Flow Matching). Muc tiéu t6ng ciia SFM dwoc dinh nghia 1a:

Csem (8, @) = Ccrm(0) + A Cesm(P), A>0 (12)
Co ché 1dy mau sau huin luyén
Sau khi t8i wu (8, ¢), c6 hai co ché 1dy mAu chuén:

e ODE xac suit (probability flow ODE):
dXe

o = Yo X 1), Xo ~ Po (13)
e SDE c6 hwéng score (Langevin-guided):
dX, = (ug(Xe, t) + 1/2 0f 54 (X, 1)) dt + o, dW, (14)

Vé mit ly thuyét, khi mé hinh hoan hdo va mé phéng lién tuc chinh x4c, cac lwa chon g, > 0 thich hop c6 thé dan
dén cung ho phan phdi bién {p,}. Trong trién khai, ta thwong dung Euler d€ x4p xi ODE va Euler-Maruyama dé xap
xi SDE.

B. FISHER REGULARIZATION CHO SFM: FFR VA PFR-VR
FFR. Xét m6 hinh mat d chwa chun hoa g (x, t) (khdng can biét hiang s chuén hoa). Goi score ctia mé hinh trén
bién tla g, (x,t) = Vilog q4(x,t). Muc tiéu 1a hoc s, (x, t) xdp xi score diing clia bién, tirc V;logq,(x). Theo chudn
Fisher-Hyvirinen, c6 thé dwa bai todn khép score vé mot ham muc tiéu chi phu thudc vao S (t6i mot hing s6
khong phu thudc ¢) véi cac gia thiét tron va diéu kién bién phu hop.

Rerr(®) = Ee-vonx-pel; 5o O + V- 5p(x,0) ] (15)
Trong thwc hanh, dit liéu huin luyén cho regularizer nay dwoc 14y mau tir cac bién ctia dwong di xac suat. O FFR,
hang divergence V. sy, thwong dwoc tinh truec tiép béng vi phan tw dong theo tirng toa d6 (khi d nhd), khong can
x4p xi ngau nhién.
Duéi cac gia thiét bién chuin, ton tai hing s6 C khong phu thudc ¢ sao cho:

Repr(@) = Epxp,l % lIsp(x, ) — Viogp:(0)II*] + C (16)
PFR-VR: trong khong gian chiéu cao, viéc tinh divergence chinh x4c c6 thé tén kém. Ta str dung d6ng nhit thirc
hutchinson dé wéc lwgng vét theo chiéu ngau nhiénv ~ N(0, 1) (hoidc rademacher), tir d6 thay divergence toan
phin b&i mét wée lwong khong chéch.

Rprr(9) = Et,x,v[%llsq;(x' Ol + v GV sp(x, )] (17)

Rerrvr(®) = Eexl5lspCe O + 2K v (v 59 (x,1)) ] (18)
Trong trién khai, hang v'Vx(v"s¢) duwgc tinh bang tich Hessian-vector thong qua autograd, khéng can dung
Hessian day du; khi K ting, phwong sai gidm x4p xi theo 1/K.
C. OPTIMAL TRANSPORT (0OT) VA ENTROPIC OT
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Optimal Transport nghién ctru cach ghép cip (coupling) giita hai phin phdi sao cho chi phi vin chuyén ky vong la
nho nhit. Trong bdi cdnh minibatch, OT cung cdp mot ké hoach ghép cép gildp cac cap diém gan nhau theo hinh
hoc, hitu ich d€ gidm hién twgng crossing khi noi suy gitra hai bién.

m*= arg minnen(u,v) E(x,y)~1r[ c(x,y) ] (19)
Dé tinh to4n hiéu qua, entropic regularization thém mdt hang entropy /KL vao bai toan OT, din t&i nghiém c6 dang
6n dinh va c6 thé giai bang 13p Sinkhorn.

T *g = arg Milgepy) (T, C) + e KL(m || p Qv) (20)

IV. PHUONG PHAP DE XUAT

Trong Score-Flow Matching (SFM), chit lwong hoc trwong van téc va dd 6n dinh 14y mAu phu thudc manh vao
cach xay dwng dudng dan x4c suit ndi tir phan phdi khéi dau don gidn p, dén phan phdi dit liéu pg,,. Khi cac diém
Xo ~ Do VA X1 ~ Pgara Aurec ghép cip ngiu nhién (independent coupling), cic qui dao nodi suy dé giao cit (crossing),
nhéit 1a véi phan phoi da-mode; diéu nay lam treong van téc muc tiéu tré nén da tri vé mat trung binh va gy bat
6n khi t6i wu. Chiing tdi ghép cdp ngiu nhién (random coupling) bang ghép cip dwa trén Optimal Transport (OT)
& mirc minibatch dé€ ghép cac cap diém endpoints gin nhau theo hinh hoc, tir d6 lam mwot dwong di, gidm crossing
va gitp trudng van tdc trung binh dé hoc hon.

A. GHEP CAP MINIBATCH ENTROPIC OT VA DU'O'NG DAN OT-GAUSSIAN BRIDGE
Cho hai minibatch ddc 1ap {x§}f-; ~ po va {x{}?_; ~ Dyara- Ta dinh nghia ma tran chi phi vin chuyén binh phwong
Euclid:
Cj=lxi—x/13 ij=1.,B. (21)
K& hoach ghép cip t6i wu dwoc tim bing bai toan OT entropic (entropic regularization) trén da dién van chuyén
(a,b) = {P € REXE:P1 =q, PT1 = b} véihaibiéndéua =b =1/B 15:
* . T
P* = arg_min (P,C)+ eor KL(P ||ab"), gor > 0. (22)
Nghiém ctia bai toan entropic c6 dang nhan ma tran (matrix-scaling) va dwoc tinh hiéu qua bang 13p Sinkhorn. Dit

nhan Gibbs K = exp(—C/eor) (14y theo tirng phan ti) va hai véc-to ti 16 u, v € RE, khéi tao v(® = 1;. Tai méi
vong lap ¢:

a b
u = k@’ D) = KTu+D’ (23)
trong do6 phép chia hi€u theo tirng phan t. Sau L vong ldp, ké hoach vin chuyén x4p xi 1a:
P* = diag(u®) K diag(vV). (24)

Chuén hoa P* thanh phan phdi roi rac trén cac chi sé (i, j) ta thu dwoc OT-coupling myr; 14y mau cdp endpoint
theo:

(%0, X1) ~ Tor, Pr[(i,/)] = B Pj}. (25)
T mbi cap endpoint (xg, x;) ~ 7o, ta dinh nghia dwong dan cu Gaussian c6 diéu kién (OT-Gaussian bridge) bang
noi suy tuyén tinh cong nhiéu ding huwéng:
xx=0—-8)x,+tx, +o¢, e~N(,D), t~U,1). (26)
Ky vong cé diéu kién (quy dao trung binh) va dao ham theo thoi gian cia né la:

. d
e 2 Elx; 1 %0, %] = (1 —t) x9 + t x4, e =%=x1 — Xo- (27)
Do nhiéu c6 phwong sai ¢ dinh, mat do cé diéu kién cia x, 1a Gaussian:
pe(x | Xg,%0) = N(x; py, 0°I). (28)

Hai dai lwong dich cho viéc huin luyén déu c6 dang déng. Truweong van téc c6 diéu kién (theo nghia qui dao trung
binh) bing dung véc-to dich chuyén giita hai endpoint:

ue(x | x0,%1) = fiy = X1 — %o, (29)
con score c6 diéu kién 1a ham tuyén tinh ctia phan du so véi trung binh:

V,logp, (x | xo,%,) = — %, (30)

g2

Theo 14p luin chip bién (marginalization), tredng van tdc va score & mirc bién thu dwgc dwédi dang ky vong c6
diéu kién trén dwong di:

Xy = x]. (31)

u () = E[x; —x0 | x, = x], se(x) = E [_x;é‘f
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Vai tro cia OT thé hién & day: vi mor cwec tiéu hod chi phi E,, || x; — x, 1%, ky vong dd dai quy dao gidm, cac véc-to
dich chuyén x; — x tré nén it xung dot hon trén nhirng ving x, chong 14n, nho d6 ham trung binh u, (x) it da tri
va dé hdi quy hon so véi independent coupling. Péng thoi, do hai bién clia myr vAn 13 py va pgae,, cic phan phéi
bién {p,} tai t = 0,1 dwgc bao toan, nén viéc thay coupling khéng 1am sai léch bai toan sinh mau ma chi thay dai
phan phéi huin luyén trén dudng dan.

B. HAM MUC TIEU HUAN LUYEN: OT-SFM-FFR VA OT-SFM-PFR

Trén nén OT-coupling va OT-bridge & trén, ta hudn luyén dong thoi nhanh flow u,y va nhanh score sg. Nhanh flow
dugc hoc bang hdi quy binh phwong t6i thiéu treong van tdc dich (OT-Conditional Flow Matching):

Lor-cim () = Eg, (xgxy)~mop, LIl g (e, 1) = (61 — x0) I12]. (32)
Nhanh score dwoc hoc bang Conditional Score Matching véi dich 1a score c6 diéu kién dang déng:
Lot-csm(®) = Ep e, el S (e ) + 0720 — p1e) 12]. (33)

DE ting 6n dinh va bdm score dlng cla bién, ta bd sung diéu chuin Fisher. Bién thé Full-Fisher Regularizer (FFR)
dung dong nhét thirc Fisher-Hyvéarinen v&i hang divergence tinh truc tiép:

Repr(@) = Eroi(0,1),x~pe [1/2 I 5 (6, ) 12+ V - 54(x, 0)]. (34)
Trong khéng gian chiéu cao, hang divergence dwoc thay bing wéc lwong Hutchinson theo K hwéng chiéu ngiu
nhién v, ~ NV (0,1), cho bién thé gidm phwong sai (PFR-VR):

Rorrvr(®) = B [1/2 11 55, 6) 12+ 1/K Th_y v} 9, (vh54 (1), (35)
trong dé tich Hessian-véc-to vy V,.(vf s, ) dwoc tinh bing vi phan tw dong ma khong can dung Hessian day du; khi

K ting, phwong sai wéc lwong gidm x4p xi theo 1/K. Téng hop lai, hai phwong phap dé xuit twong Gng véi hai
ham muc tiéu:

Corsemrrr(0, ®) = Lor-crm(0) + A Lorcsm (@) + ¥ Repr (), (36)
Cor-sem-prr-vR (0, @) = Lor.cem(0) + A Lor-csm (@) + ¥ Rppryr (), (37)
v&i A > 0 can bang gitra nhanh flow va nhanh score, con y > 0 kiém soat cwong do diéu chuin Fisher. Hai phwong
phép chia sé cling co ché OT-augmented coupling/path d& cai thién nhanh flow, va chi khiac nhau & dang diéu
chuin nhanh score: FFR tinh divergence toan phin (phu hop chiéu thip), con PFR-VR ding wéc lwong chiéu giam
phwong sai (pht hop chiéu cao). Thi tuc hudn luyén hoan chinh dwoc tém tit trong Thuat toan 1.

Thudt todn 1. Hudn luyén OT-SFM (OT-SFM-FFR / OT-SFM-PFR-VR)

PAu vao: phan phéi dir liéu p_data; phan phdi khéi dau po; c¢& batch B; tham s6 entropic €_OT; s6 vong Sinkhorn L;
d6 l1éch nhiéu o; trong s6 A, y; s6 hwéng chiéu K; tdc d6 hoc n; s6 epoch E.
PAu ra: tham sd mang flow 6 va mang score ¢.
1: Khoitao tham sd 0, ¢
2: forepoch=1..Edo
: Lay minibatch {Xo'} ~ po va {x,/} ~ p_data,i,j=1..B
: Tinh ma tran chi phi C_ij = ||xo’ - x4/||?
: Keexp(-C/ e OT);u<1B;ve1B
:for{=1..Ldo > 1ap Sinkhorn
7:u—a@ (Kv);veb@ (KT u)
8: end for
9: P* « diag(u) - K - diag(v); chuin hoa thanh m_OT
10: LAy cap endpoint (Xo, X1) ~ ©_OT
11: Liyt~U (0,1),e~N (0, 1)
12: x te (1-t)xp+tX + o5 Pt < (1-t) Xo + t X4
13: Pich van téc: u* « x; - Xg; dich score: s* « - (x_t- p_t) / o2
14: L_CFM « ||u 8 (x_t, t) - u*||% L_.CSM « ||s_¢ (x_t, t) - s*||?
15: if dung FFR then R « %||s_¢||* + V-s_d
16: else R« ¥%||s_d||*+ (1/K) Zx vi" V_x (vii" s_¢) D> PFR-VR
17: end if
18: C < L_CFM + A-L_CSM + y-R
19: (6, ¢) « Adam (V_{6, d} C,n) [> cip nhit tham s6
20: end for
21: return 6, ¢

U1 AW
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V. KET QUA NGHIEN C(*U VA BAN LUAN

A. THIET LAP THI NGHIEM VA TIEU CHI PANH GIA

Chuing t6i tién hanh d4nh gia dinh lwong trén 5 bd di liéu 2D téng hop (ky hiéu lvl-1v5) c6 do phirc tap tang dan:
lv1 (hai Gaussian d&i xrng), Iv2 (8 Gaussian phén b theo vong tron - da mode manh), lv3 (two-moons), lv4 (dang
“v6 cuc” c6 tw giao), va Iv5 (dang “bong hoa” nhiéu nhanh). Méi phwong phap dwoc chay nhiéu Ian doc 1ap va bao
céo theo dang gié tri trung binh + d¢ léch chuin.

Chting t6i hudn luyén va danh gia mo hinh trén b6 dir liéu téng hop 2D Lv5_Flower (10,000 mAu). Mdi cdu hinh
sinh 2,000 mAu dé tinh cac chi s6 MMD, SWD (256 projections) va Energy Distance.

Trong toan bo thi nghiém, hé s& cin bang gitra hai thanh phan loss ciia SFM dwgc ¢ dinh A = 0.1 va s8 huéng
chiéu/wéc lwong cho bién thé gidm phwong sai dwoc c6 dinh K = 1. Huln luyén dung Adam véi learning rate
1073, chay 1000 epochs, va 1dp lai n,,,; = 3 d€ bao cdo mean =+ std.

Doi véi thiét 1ap OT, ching tdi dung entropic OT véi g = 0.05, 50 vong l1dp Sinkhorn, va OT-Gaussian bridge v&i
o = 0.1. Sampling theo thoi gian roi rac trén [0,1] véi 100 bwdec.

-2

-4 -2 a 2 a -1 -2 -1 o 1 2 3 -2 -1 [} 1 2 ]

-
4 s
| -1.0
=3
5 -1.0 -0.5 o0 os 10

-2 -1 o 1 2 -1

Hinh 1. Di¥ liéu thwc nghiém
Cac phuwong phap so sanh gobm: FM, SFM, SFM-FFR, SFM-PFR-VR, va hai bién thé dé xuit OT-SFM-FFR, OT-SFM-
PFR-VR. Trong d6, di€ém khac biét ¢t 16i cia nhém “OT-" 13 thay random coupling bang OT coupling dé sinh cip
endpoint (x0, x1), tir d6 thay ddi phan phdi huin luyén trén toan bd duwdng dan {p_t} phuc vu huan luyén flow va
truong score/diéu chuin.

Chat lwgng mAu sinh dwgc danh gia bing ba thwéc do khoang cach gitta phan phéi mau sinh va mau that: MMD,
SWD, va ED (Energy Distance). V&i ca ba chi s6, gia tri cang nho cang tét, phan anh mirc d6 khép phén phdi cao
hon.

B. KET QUA PINH LUO'NG VA PHAN TiCH
Két qua thwc nghiém cho thiy hiéu nang cla cidc phwong phap phu thudc manh vao dic trwng hinh hoc cha dir
liéu, dic biét 1a mic d6 da mode va phi tuyén chia cac phin phéi trung gian.

Trén lvl (hai Gaussian d6i xing), FM dat két quad tot nhit dong thoi trén cd ba thwéc do (MMD
0.001984+0.001661, SWD 0.174851+0.057914, ED 0.004141+0.000992). Cac bién thé dwa trén SFM (ké ca c6 OT)
khong cai thién ma cé xu hwdng suy gidm, nhit 1a & SWD va ED. Piéu nay phu hop véi trwee gidc: vl c6 ciu tric
don gian, dwong van chuyén “prior — data” gan tuyén tinh va it xung dét mode; vi vy hoi quy trweong van tdc
trong FM da du chinh x4c, trong khi viéc b6 sung trwdong score va diéu chuin Fisher c6 thé 1am bai todn téi wu héa
“dw rang budc”, din dén hoi tu kém hoic ting dao dong.

Nguoc lai, trén cac b dir liéu phirc tap hon (Iv2-1v5), hai bién thé dé xuit c6 gan OT thé hién loi thé rd rét, dic
biét khi két hgp PFR-VR. Trén lv2 (8 Gaussian trén vong tron - da mode manh), OT-SFM-PFR-VR dat tot nhat trén
ca ba chi s6 (MMD 0.018610+0.008937, SWD 0.179044+0.017773, ED 0.008226+0.003067), vwot trdi so v&i cac
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baseline (FM/SFM) va cac bién thé khong OT. DAy 1a bang chirng truc ti€p cho luan diém trung tam cla bai bao:
trong bdi canh da mode, random coupling dé& ghép cac endpoint khong twong thich (prior roi vao mode nay, data
thudc mode khac), khién cac diém trung gian x_t di qua viing mat d6 thap va xuat hién quy dao giao cit; khi thay
bing OT coupling, cic cip endpoint tré nén “hop ly” hon theo chi phi vin chuyén, 1am phan phgi huin luyén trén
{p_t} 6n dinh hon va gitp ca thanh phan flow 14n thanh phan score/ diéu chuin hoc chinh xac hon. Pong thoi, co
ché PFR-VR phat huy tic dung trong méi truérng da mode nhé gidm phwong sai wéc lwgng, thé hién qua khoang
cach gitra OT-SFM-PFR-VR va OT-SFM-FFR.

Trén lv3 (two-moons), phwong phap tot nhit la OT-SFM-FFR (MMD 0.005406+0.002583, SWD
0.104907+0.030009, ED 0.006122+0.003165). Khac véi lv2, two-moons mang tinh “manifold cong” va mirc do da
mode khong tach r&i qua manh; do dé diéu chuin kiéu FFR (day du) c6 thé cung cdp tin hiéu hinh hoc toan cuc
manh hon dé bdm theo ciu tric cong ctia phan phéi, trong khi co ché chiéu/ gidm phwong sai ciia PFR-VR d6i khi
1am suy gidm d6 sic nét & cac hwéng quan trong. Két qua nay cho thiy FFR va PFR-VR khong “théng tri” 1An nhau,
ma phu hgp véi nhitng 16p hinh hoc dit liéu khac nhau.

Trén lv4 (dang “v6 cuc” c6 tuw giao) va Iv5 (dang “bong hoa” nhiéu nhanh), OT-SFM-PFR-VR tiép tuc dat két qua
t6t nhat mot cach nhit quan (lv4: MMD 0.010689+0.000868, SWD 0.100420+0.013184, ED 0.005709+0.001083;
lv5: MMD 0.011478+0.000856, SWD 0.082271+0.012801, ED 0.005374+0.000950). Hai b0 dit liéu nay vira cé tinh
phi tuyén manh, vira c6 bién thién theo nhiéu hwéng va viing cong 1ém; do d6, sw két hop gitra OT (6n dinh coupling
va tranh “di tit” qua viing mat d6 th4p) véi PFR-VR (6n dinh wéc lwgng bing gidm phuwong sai) tao ra loi thé bén
virng.

Tong hop trén lvl-1v5 cho thiy ba xu hwéng chinh. (i) OT-augmentation mang lai cai thién rd nhat khi dit liéu cé
da mode/ da nhanh hodc khi phan phéi trung gian dé xuit hién qui dao khong tw nhién (Iv2, lv4, Iv5), trong khi
khong nhat thiét cai thién trén bai todn don gian (Iv1). (i) FFR ¢6 xu hwéng phi hgp hon véi ciu tric “manifold
cong vira” (lv3), con PFR-VR phi hgp hon khi phwong sai wéc lwong cao va ciu tric phan ph6i bién thién manh
theo nhiéu hwéng (1v2, Iv4, 1v5). (iii) Quan trong nhit, lgi thé clia cac bién thé dé xuat dén tir viéc ddi distribution
training thong qua OT coupling (tirc thay d6i cach sinh (x0, x1) va kéo theo thay déi p_t), chir khong chi do ting
d6 phirc tap mo hinh; diéu nay thé hién qua viéc cac bién thé khong OT (SFM-FFR, SFM-PFR-VR) nhin chung khéng
tao cai thién nhit quan, nhuwng khi bat OT thi chat lwong va d6 6n dinh dwgc nang 1én dang ké.

C. BAN LUAN, HAN CHE VA HU'ONG KIEM CHU'NG BO SUNG
Maic du két qua cho thdy hiéu qua rd rét ctia OT-augmentation trén da sé bd dir liéu phitc tap, van ton tai mot s6
han ché cin thao luin.

Thi nhit, trén lvl, phwong phap dé xuit khong virot FM. Pay la mot diém quan trong vé mat phwong phap luén:
khi bai todn du don gian, viéc b6 sung co ché phirc tap (score/ diéu chuin Fisher va/hodc OT coupling) c6 thé
khong mang lai loi ich, thdm chi gdy suy giam do khé t6i wu hon. Do d6, phwong phap dé xuit nén dwoc dinh vi la
lwa chon pht hop cho cac tinh hudng c¢é da mode hodc hinh hoc trung gian khé.

Thi hai, két qua goi y cin thwc hién ablation study c6 hé thdng d& lam ro cac co ché déng gép: (i) anh hudng cua
ot_reg va ot_iters (mc d6 “gan OT” cla coupling), (ii) &nh hwdng cia sé particles K trong PFR-VR (trade-off gitta
gidm phwong sai va chi phi tinh todn), va (iii) &nh hwéng ctia tham s6 sigma ctia bridge va s6 bwéc mé phong khi
sampling (dnh hwdng téi sai s6 roi rac). Cac ablation nay sé giip dinh lwong rd “khi nao OT la yéu t6 quyét dinh”
va “khi nao diéu chuin Fisher 1a yéu t6 quyét dinh”.

Thi ba, cic danh gia hién tai cht yéu dwa trén MMD/SWD/ED. D€ tang sttc thuyét phuc, cin bé sung (i) minh hoa
trwc quan scatter plot cho cdc mau sinh theo tirng phwong phép, (ii) dudng cong hdi tu theo epoch (loss curve) dé
chirng minh OT gitp giam dao déng t6i wu, va (iii) phan tich d6 nhay tham sd d€ danh gia tinh én dinh.

Tém lai, chwong thirc nghiém x4c nhan rang viéc gan OT vao SFM & mitc coupling 1a mét co ché hiéu qua dé cai
thién distribution training trén dwdng dan {p.}, tlr d6 nang cao ch4t lwgng md hinh trén cac bai todn da mode va
hinh hoc phi tuyén, dong thdi 1am rd sw bé tro 14n nhau giita hai co ché diéu chuén Fisher (FFR va PFR-VR) trong
cac bdi canh dir liéu khac nhau.

Bang 1. Két qud nghién ctru thwc nghiém

Dataset Method MMD SWD { ED{

Lv1_2Gaussians FM

0.001984 + 0.001661

0.174851 + 0.057914

0.004141 + 0.000992

SFM

0.005875 + 0.003262

0.191072 + 0.041953

0.006425 +0.003122

SFM-FFR

0.007882 + 0.008228

0.332621 £ 0.177790

0.014616 +0.015428

SFM-PFR-VR

0.011827 + 0.003414

0.320843 + 0.082242

0.012092 + 0.002658
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OT-SFM-FFR 0.005414 + 0.001257 | 0.287911 +0.063946 | 0.005483 +0.000917
OT-SFM-PFR-VR | 0.015173 £0.007286 | 0.306649 + 0.061281 | 0.009640 + 0.004570
Lv2_8Gaussians | FM 0.101935 + 0.003691 | 0.276788 +0.015067 | 0.031014 + 0.003505
SFM 0.103572 +0.007999 | 0.271091 +0.018353 | 0.031145 +0.005407
SFM-FFR 0.114145 + 0.027006 | 0.316076 +0.050974 | 0.043932 +0.018803
SFM-PFR-VR 0.101004 + 0.004982 | 0.281097 +0.015635 | 0.031399 * 0.004333
OT-SFM-FFR 0.035058 + 0.008797 | 0.270273 +0.037519 | 0.019732 + 0.006102
OT-SFM-PFR-VR | 0.018610 +0.008937 | 0.179044 +0.017773 | 0.008226 + 0.003067
Lv3_2Moons FM 0.017429 +0.001051 | 0.136352 +0.009802 | 0.010235 + 0.000864
SFM 0.014522 +0.001399 | 0.114429 +0.006184 | 0.007086 + 0.000915
SFM-FFR 0.013554 + 0.004612 | 0.130217 +0.009758 | 0.008429 +0.001878
SFM-PFR-VR 0.013818 £ 0.001964 | 0.120504 +0.020012 | 0.007625 + 0.002290
OT-SFM-FFR 0.005406 + 0.002583 | 0.104907 +0.030009 | 0.006122 * 0.003165
OT-SFM-PFR-VR | 0.010469 # 0.002954 | 0.132974 +0.013848 | 0.009322 +0.007010
Dataset Method MMD < SWD { ED
Lv4_Infinity FM 0.024328 + 0.009725 | 0.130944 +0.019851 | 0.010709 * 0.003302
SFM 0.031346 + 0.007624 | 0.172422 +0.014545 | 0.017704 +0.004197
SFM-FFR 0.028152 + 0.000413 | 0.166042 + 0.008150 | 0.015480 * 0.002540
SFM-PFR-VR 0.016274 +0.002487 | 0.100471 +0.003440 | 0.006219 + 0.000761
OT-SFM-FFR 0.011416 + 0.001581 | 0.103852 +0.003588 | 0.006528 + 0.000381
OT-SFM-PFR-VR | 0.010689 + 0.000868 | 0.100420 +0.013184 | 0.005709 +0.001083
Lv5_Flower FM 0.026692 + 0.012601 | 0.112278 +0.018407 | 0.010027 + 0.003834
SFM 0.030426 + 0.015206 | 0.120460 +0.004974 | 0.009814 +0.003438
SFM-FFR 0.048080 + 0.035592 | 0.128471+0.019275 | 0.014563 + 0.008550
SFM-PFR-VR 0.016518 + 0.002484 | 0.100353 +0.002113 | 0.006319 + 0.000607
OT-SFM-FFR 0.016062 * 0.002496 | 0.099866 +0.014369 | 0.008180 + 0.001734
OT-SFM-PFR-VR | 0.011478 +0.000856 | 0.082271+0.012801 | 0.005374 +0.000950
VI. KET LUAN
A. KET LUAN

Trong nghién cru nay, ching tdi dé xuit khung OT-augmented Score Flow Matching (OT-SFM) nhdm cai thién
chat lwgng hoc mé hinh sinh théng qua thay déi co ché coupling khi xdy dwng dwong dan xac sudt {p.}. Thay vi
ghép cip ngiu nhién gitra phan phdi khéi dau don gian p, (Gaussian chuin) va phan phéi dit liéu pgaea, phong
phdp dé xuit st dung entropic Optimal Transport & m&c minibatch d€ tao OT-coupling (trong trién Kkhai:
sample_ot_endpoints) nhim sinh céc cip endpoint (x4, x;) “hop ly” theo chi phi vin chuyén. T cac cip nady, cac
mau trung gian x, (trong trién khai: marginal_sample) phan 4nh quj dao chuyén dich phi hgp hon vé mit hinh
hoc, gitip gidm crossing, ddng thdi lam qua trinh hoc flow va score (kém diéu chuén Fisher) 6n dinh hon.

Trén cac bd dir liéu 2D tong hop tir lvl dén lv5, két qua dinh lwgng theo ba thwdéc do MMD/ SWD/ ED cho thiy
OT-augmentation mang lai cai thién ré rét & phin 1én cac phin phoi phirc tap, dic biét v&i cac trueong hop da
mode/ da nhanh hodc hinh hoc phi tuyén manh nhw lv2, lv4 va lv5. Pang chu y, cac bién thé OT-SFM thuwong dat
céc gia tri MMD/SWD/ED nhé hon dang ké so v&i cac phién ban SFM khong gan OT, cho thy viéc “diéu chinh phan

AN

phdi huén luyén trén dwong dan” (distribution training) théng qua coupling 1 mot co ché hiéu qua, thay vi chi
can thiép cuc bd & mirc loss.
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Ngoai ra, két qua cling goi ¥ sw bé tro gitra hai bién thé diéu chuin Fisher: FFR ¢ xu hwéng phl hop trong mot s6
thiét 14p c6 ciu tric manifold twong d6i tron va cong vira, trong khi PFR-VR thwong 6n dinh va nhit quan hon &
céc tinh hudng bién thién manh theo nhiéu huwéng va dé phat sinh phwong sai wéc lwgng (dic biét trén cac dataset
phttc tap nhw Iv2/ Iv4/ Iv5). Tong thé, cac két qua thuc nghiém x4c nhan rdng gdn OT vao SFM & mitc coupling 12
mot hwdng tiép cin hira hen d€ ning cao chit lwong mé hinh sinh, dic biét khi hinh hoc phan phéi dir liéu phirc
tap.

B. HAN CHE
Maic du dat két qua kha quan, nghién ctru vin c6 mot s6 han ché:

e Loiich khéng dé6ng déu trén bai toan don gian. Véi cac phin phéi don gian (vi du lvl), baseline c6 thé da
du tot; khi dé6 OT-augmentation va/ hoic regularization khong nhit thiét mang lai cai thién ré rét. Diéu
nay cho thdy phwong phap dé xuit pht hop hon v&i cac bai todn ¢ hinh hoc phitc tap hodc da mode rod
rét.

e Chuwa co ablation study hé thong. Cic tham s6 quan trong nhw g1 (ot_reg), s vong Sinkhorn (ot_iters), o
cla bridge, s6 buédc mé phong ODE/ SDE, va s6 hwéng chiéu K chwa dwoc khdo sat day di; do dé chua
dinh lwong rd trade-off giita chat lwong mau - d6 6n dinh - chi phi tinh toan.

e Gidi han & dir liéu 2D téng hop. Thwc nghiém hién tai mé&i dirng & khong gian 2D, chwa phan 4nh day du
théach thirc khi mé rong sang dir liéu chiéu cao hodc dir liéu thuec.

e Chi phi OT va do nhay theo minibatch. OT & mirc minibatch lam tang chi phi tinh todn so v&i random
coupling, dong thoi ¢ thé nhay véi batch size va s6 vong Sinkhorn; danh hwdng nay cin dwoc danh gia sau
hon trong cac thiét 14p 16n hon.

C. HUONG PHAT TRIEN
Tr cic han ché trén, cdc hwéng phat trién kha thi gom:

e Ablation study va phén tich d6 nhay tham sé. Khao sat c6 hé théng theo g7, ot_iters, g, s6 buwdc mé phong,
va K dé dwa ra khuyén nghi chon tham s6 6n dinh va xac dinh khi nao OT d6ng vai tro quyét dinh.

e Mé rong sang chiéu cao va dit liéu thuc. Ap dung OT-SFM cho toy high-dim, dit liéu 4nh don gian hodc dit
liéu thwc d€ kiém tra kha ning tdng quat va hiéu qua thuec tién.

e T&i wu hoa tinh toan OT. Nghién ctu OT x4p xi/ nhanh hon, gidm d6 nhay minibatch, hoidc tai st dung
transport plan gitra c4c iteration nhdm gidm chi phi so v&i Sinkhorn full.

e Coupling thich nghi theo d6 kho. Thiét ké co ché adaptive coupling (chon OT hodc random theo giai doan
huén luyén/ dd khé dit liéu) dé tranh ting do phirc tap khong can thiét & bai toan don gian nhung van
khai thac dwoc lgiich OT & bai toan kho.

Tém lai, nghién cttu cung cip bing chirng thwc nghiém rang OT-coupling 12 mét co ché hiéu qua dé cai thién SFM
trén cac phan phdi phirc tap. Cac hwéng phat trién trén sé gidp hoan thién phwong phap vé ca mat danh gia, tdi wu
tinh toan va kha nang mé& rong
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IMPROVING THE SCORE FLOW MATCHING OBJECTIVE WITH OPTIMAL
TRANSPORT
Nguyen Quoc Thanh, Tran Thanh Binh

ABSTRACT— Score-Flow Matching (SFM) combines Flow Matching (FM) and Score Matching (SM) to simultaneously leverage
the global dynamics of the velocity field and local correction signals from the log-density gradient. However, SFM is often
affected by (i) optimal instability due to large variance score estimates and (ii) geometric degradation on multimodal
distributions when the probability path causes “crossing” in the state space. In this paper, we propose SFM is augmented by
OT (OT-SFM): using minibatch entropic optimal transport (OT) coupling to pair the simple initial distribution and the data
distribution, thereby inducing a smoother geometric OT-Gaussian bridge path, reducing crossing, and making the velocity
field easier to learn. Building upon OT-SFM, we extend two previously proposed Fisher regularization mechanisms: OT-SFM-
FFR (Full-Fisher Regularizer) and OT-SFM-PFR-VR (Projected Fisher Regularizer with Variance Reduction), aiming to
simultaneously increase optimal stability and improve the quality of the distribution fit. Experiments on multi-mode 2D
simulation data show that demonstrate that OT-SFM enhances stability and yields lower distribution differences compared to
standard SFM, particularly ear geometric configurations.

Keywords—Generative model; Score Flow Matching; Flow Matching; Optimal transport; Fisher regularization.

Nguyén Qudéc Thanh 13 hoc vién cao Tran Thanh Binh 12 hoc vién cao hoc
hoc nganh Toan rng dung, Trworng Pai nganh Toan &ng dung, Trudng Dai
hoc Bach Khoa TP.HCM; hién dang Fum— hoc Bach Khoa TP.HCM; hién dang
quan tdm va theo dudi cac nghién ctu o quan tdm va theo dudi cac nghién
trong linh vwc Toan rng dung va Hoc preg ctru trong linh virc Toan rng dung va
may. Hoc may.
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