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TOM TAT— Mang no-ron tich hop vat Iy la mét phwong phap két hop gitra di liéu quan sat véi cac quy luét vat ly dwdi dang
phuwong trinh vi phdn nhdm mo6 hinh héa va mé phéng cac hé vat Iy mot cach hiéu qua. Khac véi cac phwong phap hoc sau
thuén di liéu, phwong phap nay tich hgp trwe ti€p cac rang budc vat Iy vao ham mat mat, qua d6 gidm sw phu thudc vao lwgng
dir liéu hudn luyén lém va cai thién kha ning tong quat hda ciia m6 hinh. Trong nghién ciru nay, ching tdi khao sat kha nang ap
dung mang no-ron tich hop vat 1y va mé hinh phwong trinh vi phén lai d€ giai hai bai toan vat Iy dién hinh la chuyén dong cia
vat c6 yéu td lwc can va dao dong cta hé 10 xo véi thanh phan gidm chin chwa xac dinh. Két qua thuc nghiém cho thiy mé hinh
d@ xuit c6 kha ning tai tao quy dao chuyén dong véi dd chinh x4c cao ngay ca khi dit liéu huin luyén han ché va c6 d6 nhiéu.
Nghién ctru ndy cung c4p thém bing chirng thwc nghiém vé kha nang 4p dung mang no-ron tich hop vat 1y trong viéc mé hinh
héa cac hé vatly, dong thoi goi mé tiém ning mé réng phwong phap cho nhiéu 1ép bai toan khéac.

Twr khéa— mang no-ron tich hgp vat ly, phwong phap hoc sau, hoc may, mé phéng vatly.
I. GIO'I THIEU

Trong thap ky vira qua, sw phat trién cta cdc phwong phap hoc sdu di tao nén cudc cach mang trong nhiéu linh
vuc khoa hoc va ki thuit, mang lai nhirng buée tién virot bic trong cac tng dung nhw thi gidc may tinh, xtr 1y ngén
ngit tw nhién, chin doan y hoc va hé théng tw hanh [1], [2], [3], [4], [5]. Nho su tién bd vwot bic trong cong nghé
tinh toan, mang no-ron hoc sau cling ngay cang dwoc rng dung rong rai va hiéu qua trong moé phdng, mé hinh héa
cac hé thdng phirc tap nhw dw bao thoi tiét [6] va dw doan cAu tric protein [7]. Tuy nhién, viéc 4p dung mang no-
ron vao cac bai toan vat ly - thwong dwge mo ta dwdi dang cac phwong trinh vi phan va cac cong thirc toan hoc lién
quan van con ton tai mot sé thach thirc, bao gdm nhu cau vé lwong dir liéu 16n, han ché trong kha niang dién giai
va thiéu tinh tudn thi cac dinh luét vat ly da biét. Do d4, khi dit liéu khan hiém, bi nhiéu hodc c6 quy md nho thi
hiéu suit cia mo hinh sé suy gidm dang ké. Ngoai ra, kha ning ngoai suy ctia cdc mé hinh hoc sau thuin dit liéu
trong mot s6 bai todn vatly van con 1 van d&é can dwoc xem xét, d3c biét khi mé hinh dwoc 4p dung cho céc trang
thai ndm ngoai mién dit liéu hudn luyén. Do qua trinh huin luyén chi yéu dua trén viéc gidm sai s6 gitra gia tri du
doan va dir liéu quan sat, cac nghiém thu dwoc déi khi c6 thé chwa phan 4nh diy dd cac rang budc vat 1y cta hé,
dan dén nhitng nghiém thiéu tinh nhit quan vat ly, hay thudng dwoc goi 1a cac nghiém “phi vat 1y”. P& khic phuc
nhitng han ch& nay, mét phwong phép tiép cAn méi dang dwoc quan tAm rong rii 1a mang no-ron tich hop vatly,
dugc Raissi va cdng sw gi¢i thiéu vao nam 2017 trong chubi bai bao gdm hai phin [8], [9] va sau d6 dwoc cong b
thanh mot phién ban hoan chinh vao nim 2019 [10]. Phwong phéap nay cho thdy mang no-ron khéng chi cé kha
nang ndi suy dir liéu roi rac ma con cé thé dwgc hudn luyén dé dong thoi théa man cac quy luat vat ly thong qua
viéc gidm sai s6 cac phwong trinh vi phan chi phéi hé. Cach tiép cin nay thé hién sw két hop giita hoc may va co
s& vatly, trong d6 cac rang budc vat ly dwoc tich hop trwc ti€p vao ham mit mat. Nho d6, phwong phap c6 thé gitp
gidm mirc d6 phu thudc vao lwong dir liéu hudn luyén 1é6n vén khé thu thip hodc tdn kém vé thoi gian va chi phi,
ddng thoi nang cao kha nang téng quat héa va dd tin ciy ciia md hinh.

Trong nghién ctru nay, ching téi khao sat kha ning 4p dung mang no-ron tich hop vat Iy trong viéc két hop di
liéu quan sat v&i cac rang budc vat ly d€ mo hinh héa cac hé dong lwc hoc. Cu thé, bai bdo tip trung vao hai bai
todn vat Iy dién hinh. Th nhit, mang no-ron tich hop vat Iy dwgc 4p dung d€ mé phong chuyén déng cha vat c6
lwc can, qua d6 danh gia kha ning tai tao qui dao chuyén déng trong diéu kién dir liéu hudn luyén han ché va c6
nhiéu. Thit hai, bai bao xem xét bai todn dao ddng ctia hé 10 xo véi thanh phan gidm chan chwa dwoc mo ta twong
minh, trong d6 thanh phin dong lwc hoc chwa biét dwoc x4p xi bang mang no-ron thong qua mo hinh phwong trinh
vi phan lai. Thong qua cac thwc nghiém, nghién ctru lam r6 vai tro cta viéc tich hgp rang budc vat 1y trong viéc cai
thién d6 6n dinh ctia nghiém va kha ning téng quat hoéa ctia mé hinh so v&i cac phwong phap hoc may thuin dir
liéu. B8 cuc ctia bai bdo bao gdm: Phin I gi¢i thiéu tong quan bai bdo; Phin II trinh bay phwong phap nghién ctry;
Phan Il mo6 ta chi tiét hai bai todn thwc nghiém, bao gdm bai toan chuyén dong cé yéu td lyc can va bai todn dao
déng cta hé 10 xo véi thanh phan lwc can chwa biét; Phan IV trinh bay va théao luin cac két qua dy doén thu dwoc
tir mo hinh ddi véi tirng bai toan. Cudi cung, Phan V dwa ra cac két luin chinh va dinh hwéng nghién ctu trong
twong lai.

II. PHUONG PHAP NGHIEN CO’U

Mang no-ron tich hop vat Iy dwoc dung dé€ giai cadc hé phwong trinh vi phin mé ta hién twong vat 1y c6 thé viét
dwéi dang tong quat:
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Nu(t,x);A]=0,x e R?,t eR (10

trong d6 N u(t,x); A] 1a todn tir vi phan mo6 ta hé vat ly, u(t,x) 1a nghiém (&n) clia hé, biéu dién dai lwong vat ly
phu thudc vao thoi gian t va vi tri khong gian x, A 1a cic tham s6 dic trueng ctia hé [10]. Nhiéu hién twong vat ly
khac nhau c6 thé dwgc mo ta dudi dang tdng quat nay, bao gdm cac dinh luat bdo toan, phwong trinh chuyén dong,
ciing nhw nhiéu dang phwong trinh vat ly khéc. Y twéng ctia mang no-ron tich hop vat 1y 1a st dung mét mang no-
ron {ig(t, x) dwgc tham s6 hda bdi cac trong s6 6 dé xap xi nghiém u(t, x) ctia hé vat 1y va dung phwong trinh (1)
nhw mot rang budc trong qua trinh huén luyén. Viéc huin luyén dugc thuc hién bang cach t6i thi€u héa ham mat
mat téng bao gom sai s6 so véi dir liéu thue nghiém, sai s6 so v&i cac diéu kién bién, sai s6 so v&i cac ditu kién dau
va sai s6 clia phwong trinh vat ly, duwgc biéu dién nhuw sau:

L= 2gLq + ALy + AgLo + AL, 2)
vGi Ag, Ay, Ag, Ap 1an lrot la cac hé s6 diéu chinh dwoc sit dung nham can bang mirc d6 anh hwdng twong dédi gitra
cac thanh phin trong ham mit mat, gidp qua trinh huin luyén vira ddm bdo do chinh xac cha dir liéu, vira thoa
man cac diéu kién bién, diéu kién dau, dong thoi tuan thi cac phwong trinh vat ly. Cac thanh phan Ly, Ly, £y, £,
twong ng 1a cac thanh phan hdm mat mat phat sinh tir dir liéu thuc nghiém, diéu kién bién, diéu kién d4u va cac
rang budc vatly cta hé. Trong d6, cAc ham mit mat dwoc xic dinh nhw sau:

Ham méat mat dir liéu
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v6i Ng, Ny, N, 12 s8 lwong diém div liéu twong ¢ng véi div liéu thuc nghiém, diéu kién bién va diéu kién dau,
u(tid, xid), u(t'b, XL), u(O, xlo‘) la cac gia tri thu dwoc tai nhitng diém dir liéu twong &ng nhw trén, g (t, x) 1a gia tri dw
dodn ctiia mang no-ron tai cac diém dir liéu lan lwot nhw trén.

Ham mat mat vatly
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vOi N, 13 s6 lwgng diém dugc ldy mau trong toan mién tinh toan, {ue (tp » Xp )}m=1 la cac gia tri dw doan cia mang

no-ron trén toan mién do.
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: (o)
Két Thic <e?

l Khong Dao Ham Ty Djng

Mang No-ron

Ham Mt Mat Téng Hop

Hinh 1. So do téng qudt ciia mang no-ron tich hop vdt ly

Trong nghién ctru ndy, ching t6i st dung mang no-ron két néi day dd truyén thang dé x4p xi nghiém cda cac hé
phwong trinh vi phdn mo ta hién twgng vat ly dang xét. Cdu truc mang dwoc lwa chon linh hoat theo tirng bai toan,
v&i s6 1op 4n va s6 no-ron khac nhau, st dung ham kich hoat tanh nhdm dadm bdo tinh tron, ho tro tét viéc tinh
toan dao ham bing ki thuat dao ham tw dong trong géi thw vién hoc siu cta PyTorch [11], tir d6 thuan tién hon
trong viéc t8i wu héa cac trong s6 cia mang bing phwong phap lan truyén ngwoc. Véi lép dau ra, ching toi st
dung ham kich hoat tuyén tinh d& dw doan cac dai lwgng vatly. Trong cac phan thwe nghiém, qua trinh huin luyén
dugc thwe hién bang cach t6i thi€u héa hAm mA4t mat. C4u triic hAm mat mat dwgc diéu chinh linh hoat tuy theo
tirng bai toan cu thé. M6 hinh hoc may thuin di liéu dwgc st dung lam co s& so sdnh c6 cung kién triic mang no-
ron truyén thang nhw trong mé hinh mang no-ron tich hop vatly, bao gobm sé 16p 4n, s8 no-ron va ham kich hoat
twong tw, nhadm dam bao tinh nhit quan trong kha ning biéu dién ctia mé hinh. Do ciu tric va co ché hudn luyén
cla hai bai toan c6 sw khéc biét, s6 epoch dwgc lwa chon cling khéng gidng nhau. Véi bai todn dau tién, cin phai
t6i wu nhiéu thanh phin loss nén cin nhiéu epoch hon @€ hoi tu, hAm mAit mat tong hop bao gdm sai s6 dit liéu,
diéu kién dAu va cac rang budc vatly tir phwong trinh chuyén dong cho phép mo hinh dong thoi khép div liéu quan
sat va tuan thad cac rang budc vat Iy ctia hé. Trong khi & bai toan thir hai véi mé hinh phwong trinh vi phan lai, cé
loss don gian hon nén hoi tu nhanh va chi can it epoch, rang budc vat ly dwoc tich hop truc ti€p vao phwong trinh
déng lwc hoc thay vi xuit hién dwdi dang mot thanh phin ham mat mat riéng biét.

I1I. THY’C NGHIEM

A. BAI TOAN CHUYEN PONG CO YEU TO LU°C CAN

Trong muc ndy, ching tdi xét chuyén déng ciia mot qua bong chay trong mit phing Oxy c6 khéi lwgng m duwéi tac
dung dong thoi clia trong lwc va lwc cdn méi trudng ty 1€ véi binh phwong van toc. Khi d, phwong trinh chuyén
dong cta vat theo hai phwong x va y dwgc mo ta béi hé phwong trinh vi phan

I #(0) =~ FO7 T IO £(0)
(7)
(50 = g — - VEF 3@ 5

trong do g la gia toc trong trweong, D= % pC4A la tham s6 lwc can phu thudc vao khéi lwong riéng ctia khong khi p,
hé s6 can C4 va dién tich mit cat A clia vat.
Diéu kién dAu cia bai toan dugc xac dinh bédi

x(0) = xy, y(0) =y, x(0) =vycosa, y(0) =v,sina (8)
trong d6 xg, yo, Vo 1a cac diéu kién ban d4u ctia vit va a la géc ném so v&i phwong ngang.
Cac tham s8 vat ly dugc lwa chon nhdm mo phdong chuyén dong ctia qua bong chay dwoc thé hién trong Bang 1.

Bang 1. Cdc tham s6 ddu vao cho bai todn chuyén dong
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g (m/s?) m (kg) a (%) vo (m/s)  p (kg/m?) Cq A (m?)
9.81 0.145 35 50 1.293 0.5 0.00425

Dit liéu huén luyén cho bai todn dwgc xdy dung tir nghiém giai s6 cia hé phwong trinh (7) [12]. D€ phan 4nh sai
s6 do dac thwong gip trong thue té, mot lwgng nhidu ngiu nhién nhé dwoc b sung vao dir lidu quan sat theo phan
phdi chuan véi d@d 1éch chudn xac dinh. Mang no-ron dung dé xap xi nghiém dwgc xay dwng véi bon 1ép 4n, mdi
16p gobm 256 no-ron va sir dung ham kich hoat tanh. Qua trinh huin luyén ap dung thuit todn t6i wu Adam véi tdc
do hoc 0,01 trong 1500 epochs. Cac tham sé clia mang dwoc t6i wu bing cach cuc ti€u hda hAm mat mat téng

L= ).de‘I' AOLO + }lpﬁp (9)
trong do

Ham mat mat diéu kién dau

Lo = [1x(0) = 25 (O)[1% + Iy (0) — F6(O)1 + [|%(0) — 26 (O)]|* + [|(0) — $5(O)]* (10)

Ham mAat mat dix liéu
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£a=N—dZ[||x(té)—fe(té)ll + [y (ed) = 9o (e + 12(ed) = Zo (eI + 9(t8) = ()] (1)

Ham mit méat vatly

1 p
I G (12

Ngoai cac rang budc dong lwc hoc tir phwong trinh (7), con c6 cac rang budc dong hoc

dx | y dy . y

— =X , e

—=%O, =¥

nhdm dam bdo tinh nhit quan gitta cac dai lwong vat Iy dwgc dw doan. Do d6, hAm mat mat vat Iy bao gdm hai
thanh phan. Thit nhit, sai s§ dong hoc dwoc dwa vao nhdm danh gia mirc dd nhit quan gitta van téc dw doan va
dao ham theo thoi gian cda vi tri, qua d6 ddm bdo mdi quan hé déng hoc co ban gitra cac dai lwgng vat ly dwoc
théa man. Thir hai, sai s6 dong lwc hoc phan &nh mirc do tuin tha cia nghiém dw doan déi véi phwong trinh mo
ta chuyén dong cia hé. Thanh phan nay déng vai trd quan trong trong viéc rang budc vat ly, dic biét trong cac
vung thoi gian khong c6 dir liéu huin luyén.

Cac hé s0 diéu chinh trong ham mit mat téng hop dwoc thiét1ap véi wu tién cho rang budc vatly, cu thédy = A, =
1vaA, = 10. Gid tri A, dwoc chon 1én hon nhdam nh4n manh tinh nhét quan vat Iy khi s6 diém di liéu it va duoc
chon dva trén qua trinh thwc nghiém bang cach thay déi gia tri trong khoang hep dé ddm bao nghiém khong phu
thudc qua mirc vao mot thanh phan ma mang tinh can bing. T4p dit liéu huin luyén gém nam diém roi rac dwoc
phén b8 khong déu theo thoi gian, dai dién cho trang thai ctia vat tai cac thoi di€m khac nhau trong sudt qua trinh
chuyén dong. Viéc st dung s6 lwong dit liéu han ché nhdm danh gia kha nang cia md hinh trong viéc suy luan quj
dao chuyén dong dwa trén su két hop gitta dir liéu va cic rang budc vat 1y ctia hé. Cac diém di liéu dung d€ huin
luyén mo hinh dwoc trinh bay & Bang 2.

Bang 2. Cdc diém dir liéu dung d€ hudn luyén mé hinh

t(s) x (m) y(m) vy (m/s) vy (m/s)
0.15 5.94 5.05 38.25 25.35
0.50 18.40 12.74 33.26 18.83
1.00 33.71 20.24 28.28 11.46
3.20 82.27 19.47 17.50 -10.35
4.40 100.95 1.90 13.70 -18.53

B. BAI TOAN DAO PONG CUA HE LO X0 VOl THANH PHAN LU'C CAN CHU'A BIET
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Trong bai toan thit hai, ching t6i xét mot hé dao dong co hoc gobm 10 xo, vat ndng va thanh phin gidm chan. Phwong
trinh chuyén dong ctia hé trén dwoc mé ta bdi phwong trinh vi phan bic hai:

mi(t) + cx(t) + kx(t) = 0 (13)

trong dé6 m la khoi lwong cuia vat ndng, ¢ 1a hé s giam chan, k 1a d cling 10 xo va x l1a li d6. Trong nhiéu truweong
hop thwec té, thanh phin gidm chin c6 thé khong dwoc mo6 ta chinh xac hodc khong tuin theo dang tuyén tinh don
gidn ma phu thudc phi tuyén vao trang thai ctia hé hodc diéu kién moi treorng. Piéu nay khién viéc mo hinh hoa va
gidi bai todn theo phwong phép truyén théng gip nhiéu han ché. D€ giai quyét vin dé nay, ching toi ti€p cin bai
toan theo hwéng phwong trinh vi phan lai, trong @6 phan dong lwc hoc da biét chia hé dwoc gitr nguyén, trong khi
thanh phan gidm chan chwa biét dwoc x4p xi bing mdt mang no-ron. Khi d6, phwong trinh chuyén déng ctia hé
dwoc viét lai dwéi dang:

mi(t) + golx (), x(0)] + kx(t) = 0 (14)

trong d6 gg 1a mang no-ron truyén thing dwgc tham s6 héa béi tip trong s6 6, nhan dau vao 12 trang thai tirc thoi
cda hé, bao gobm li d6 x(t) va van toc x(t). Pau ra l1a thanh phan lyc can twong &ng dwoc hoc tir dit liéu, sau do6
nghiém du dodn dwoc tim bang cach giai s6 phwong trinh vi phan (14). Cach tiép can nay cho phép mang no-ron
doéng vai tro b6 sung cho mé hinh vat ly, dé dang mo hinh héa cac thanh phan chwa rd rang hoic khé biéu dién
bing cdng thirc giai tich.

Dit liéu huén luyén cho bai toan dwoc xay dwng tir nghiém giai s6 phwong trinh (13) ctia hé dao dong véi hé s6
giam ch4n di biét, sau d6 thém nhiéu ngiu nhién nhé nhim mé phdng sai sé do dac trong thuc nghiém. Hinh 2
minh hoa tip dir liéu md phong dwgc st dung trong qua trinh huin luyén.
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Hinh 2. D@ liéu mé phéng ding dé hudn luyén mé hinh

Thanh phan lwc can chwa biét dwoc x4p xi béi mot mang no-ron gg gdm hai lép 4n, mbi 1&p mwdi sdu no-ron, st
dung ham kich hoat tanh. Hé phwong trinh vi phan lai dwgc gidi bidng phwong phap Runge-Kutta bac bén. Qua
trinh huln luyén dwoc thwe hién trong 100 epochs, str dung thuét toan téi wu Adam véi téc do hoc khéitao1a 0,01.

Ham mait mat téng dwoc xac dinh
1 . . o
£ = [l (e = 2e (I + 1i(e5) = 2o ()] (15)

Trong qué trinh huin luyén, thanh phin lwc can thwe khdng dwgc cung cp cho mé hinh ma dwoc hoc théng qua
viéc t6i wu hda sai s6 giita nghiém dw doan va dir liéu quan sat tir (15).

IV. KET QUA VA THAO LUAN

A. PANH GIA KET QUA DU’ POAN BAI TOAN CHUYEN PONG CO YEU TO LUC CAN

Sau khi huin luyén mé hinh mang no-ron tich hop vat ly cho bai todn chuyén ddng c6 yéu t6 lwc can véi tip dir
liéu hudn luyén da thiét lap & muc trwdec, chung toi tién hanh danh gia kha ning tai tao qui dao chuyén déng cla
vat va mirc dd téng quat héa ctia mo hinh.
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————— Nghiém sé
—— Nghiém du doén
e Diliéu
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Hinh 3. Quy dao chuyén déng dwoc du dodn bidng mo hinh thudn dir liéu

Két qua dw doan dwgc trinh bay trong Hinh 3 va Hinh 4. Trong Hinh 3, quj dao dw dodn b&i mé hinh hoc may
thuan dit liéu bam sat cac diém dit liéu quan sat tai nhitng vi tri c6 mau huin luyén, tuy nhién xuat hién sai léch
dang ké tai cac vung it dir liéu. Piéu nay phan anh han ché cia cac phwong phap hoc dwa hoan toan trén di liéu,
khi kha ning ngoai suy ngoai mién hu4n luyén con phu thuéc manh vao phan b8 va mat do mau.

254 - Nghiém sé
—— Nghiém dy doan
e Ditliéu
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Hinh 4. Quy dao chuyén déng dwoc dw dodn bang mé hinh mang no-ron tich hop vit I

Ngwoec lai, Hinh 4 cho thiy qui dao dw do4n b&i mo6 hinh mang no-ron tich hgp vatly cé 6n dinh hon va bam sat
nghiém trén toan bé mién khao sat, bao gom ca nhirng khodng thoi gian khong c6 dir liéu huin luyén. Két qua nay
cho thay viéc tich hop cac rang budc vat Iy vao qua trinh huin luyén gitap cai thién kha ning tong quat hoa, ning
cao do tin ciy clia nghiém dw dodn trong diéu kién dit liéu bi han ché.

Hiéu qua ciia m6 hinh dworc phén tich thong qua sw hoi tu ctia cac thanh phin ham mat mat, dé khép gitra quy dao
duw doén va dir liéu quan sat, cling nhw sai s6 theo tirng thanh phin toa d6. Hinh 5 minh hoa dwong cong ham mét
mat tong trong sudt qua trinh huin luyén. C6 thé nhan thiy ring gia tri ham mit mat gidm nhanh trong giai doan
d4u va din hdi tu vé gia tri rdt nho khi sd epoch ting 1én. Sy héi tu 6n dinh cho thiy nghiém dw dodn ciia mo hinh
khong chi khép tot véi dir liéu quan sat va cac diéu kién ban ddu ma con thda cac rang budc vat ly théng qua
phwong trinh dong luc hoc cta hé.
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Hinh 5. Pwdng cong ham mdt mdt téng trong qud trinh hudn luyén ctia bai todn chuyén ddng ¢ yéu t6 lyc cdn

Bén canh viéc danh gia trwc quan quy dao chuyén déng, ching toi tién hanh phan tich dinh lwgng sai s6 cia mé
hinh thong qua cac chi s6 RMSE va chuin L2 theo tirng epoch trong qua trinh huin luyén. Hinh 6 minh hoa sw bién
thién cla cac chi s6 nay d6i véi hai thanh phin toa dé. Sai s6 RMSE va chuén L2 gidm nhanh trong giai doan dau va
din héi tu vé gia tri rat nho, cho thdy mé hinh hoc hiéu qua va 6n dinh. Mic du xuit hién mot s6 dao dong nho
trong qua trinh huan luyén do t8i wu dong thdi nhiéu thanh phan trong ham mat mat, xu hwéng tdng thé van hoi
tu tot.
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Hinh 6. RMSE va L2 trong qud trinh hudn luyén mé hinh

Bang 3 cho thdy m6 hinh mang no-ron tich hop vat ly dat sai sd thdp hon dang ké so véi mé hinh thuin di lidu,
véi RMSE gidm tlr 4.979 xuéng con 0.157 va chuin L2 gidm tir 105.744 xudng con 3.338. Sw cai thién ro rét nay
khang dinh rang viéc tich hop cac rang budc vat ly vao qua trinh hudn luyén khong chi gitip mé hinh khép tét véi
dir liéu quan sat ma con ning cao kha nang téng quat hoa, dic biét trong cic viing khong c6 dit liéu huin luyén.
Nhitng két qua nay phi hop véi cac quan sat dinh tinh tir quy dao dw doan, dong thoi cung cip bing chitng dinh
lwgng cho thdy mo hinh mang no-ron tich hgp vat 1y cho hiéu ning vwot troi so véi cac phwong phap hoc may
thuin dit liéu trong bai todn cu thé nay.

Bang 3. So sdnh sai s6 RMSE va chudn L2 giita cdc mé hinh

Phwong phap RMSE L2
M6 hinh mang no-ron tich hop vatly  0.157 3.338
Mo hinh thuén dit liéu 4.979 105.744

B. PANH GIA KET QUA DU POAN BAI TOAN DAO PONG CUA HE LO X0 VO'I THANH PHAN LU'C CAN CHU'A BIET

Sau khi huén luyén mo6 hinh cho bai todn dao déng ctia hé 10 xo, chiing toi tién hanh danh gia kha ndng dy doan li
do theo thoi gian cta hé trong diéu kién dit liéu quan sat cé nhiéu ciing nhw kha niang suy luan thanh phan giam
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chin chwa biét tir dit liéu. Trong bai todn nay, ham mit mat dwoc xay duwng dwéi dang sai s6 binh phwong trung
binh gitta nghiém du doan va dir liéu quan sat, trong d6 rang budc vat ly ciia hé khong dwoc dwa vao dwdi dang
mot thanh phin ham mit mat twdng minh ma dwogc tich hop trwc tiép vao phwong trinh vi phan lai théng qua
phén dong lwc hoc da biét cia hé. Sy hoi tu clia ham mat méat trong qua trinh huin luyén dworc thé hién trong Hinh
7, cho thiy gia tri loss gidm nhanh trong giai doan d4u va dan 6n dinh sau mét sé epoch, phan anh tinh 6n dinh
cla qué trinh tdi wu.
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Hinh 7. Pwdng cong ham mdt mdt trong qud trinh hudn luyén ctia bai todn dao déng cia hé 10 xo véi phdn lwce cdn chwa biét

K&t qua so sanh giita nghiém giai s6, dit liéu nhiéu va nghiém dw doan cho thdy mé hinh tai tao t6t xu huwéng suy
gidm bién d6 dao dong theo thoi gian va cac dic treng dong hoc chinh ctia hé bao gom tin sd dao dong va téc do
suy giam nang lwgng. Nghiém dy doan ctia mé hinh duy tri dwoc tinh nhit quan gitra li @6 va van téc, phan anh
kha nang hoc dong thoi cac bién trang thai thong qua rang budc phwong trinh vi phin. Cac két qua nay dwoc minh
hoa trong Hinh 8.
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Hinh 8. Dao dong theo thoi gian dwgc du dodn bdng mé hinh mang no-ron lai
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Hinh 9. Dao ddng theo thoi gian dwoc dw dodn bidng mé hinh thudn di liéu

Maic du thanh phan gidm chdn khong duwoc gia dinh dwéi dang tuyén tinh, md hinh van suy luan dwoc thanh phan
lwe can tlr dit liéu, cho thdy wu thé cla cach tiép cin két hop gitta mo hinh vatly va hoc may trong viéc nhan dang
cac thanh phan déng lwc hoc chwa biét. So v&i phwong phap huin luyén thuin dya trén dit liéu & Hinh 9, m6 hinh
cho két qua 6n dinh hon va it nhay cdm véi nhiéu, qua d6 nhan manh vai tro cia viéc két hop tinh chat vat ly véi
hoc may trong mo hinh héa va mo6 phong cac hé dong lwc hoc phirc tap.

Két qua trong Bang 4 cho thdy md hinh mang no-ron lai dat sai s6 thdp hon so véi mé hinh thuin dir liéu. Digéu
nay chirng to6 viéc tich hop thong tin vat Iy vao phwong trinh dong lwc hoc gitp cai thién do chinh xac va kha nang
suy luan thanh phan chwa biét cia hé.

Bang 4. So sdnh sai s6 RMSE va chudn L2 gitta mé hinh mang no-ron lai va mé hinh thudn dir liéu

Phuong phap RMSE L2
M6 hinh mang no-ronlai  0.029 0.418
Mo hinh thuin dir liéu 0.269 3.806

C. SO SANH HIEU QUA DU POAN GIU’A CAC MO HINH

C4 hai bai toan déu khai thac sw két hgp gitra hoc may va cac dinh luat vat Iy nhwng cach thic tich hop vat 1y trong
hai mé hinh c6 sw khac biét rd rét. Véi bai todn chuyén dong c6 luc can, rang budc vat ly dwgc dwa truc tiép vao
ham mait mat, trong khi & bai toan dao dong ctia hé 16 xo, rang budc vat 1y dwoc tich hop ngay trong phwong trinh
dong luc hoc.

Két qua thuwc nghiém cho thay cac cach tiép can tich hop thong tin vat Iy déu gidp cai thién dd 6n dinh ctia nghiém
duw doan va ting cwong tinh nhit quan vat 1y so v&i cdc mé hinh hoc may thuan dir liéu. Tuy theo cach thic tich
hop céc rang budc vat ly, mbi md hinh thé hién nhitng wu diém khac nhau trong qué trinh mé hinh héa, dic biét
lién quan dén kha ning suy luan thanh phin chwa biét va mirc d6 phu thudc vao dir liéu hudn luyén. Diéu nay cho
th4y viéc lwa chon phwong phap pht hop can dugc cn nhic dwa trén dic trng clia bai toan ciing nhu mirc do
hiéu biét sdn c6 vé mo hinh vat ly ciia hé.

V. KET LUAN

Chung t6i da khao sat va 4p dung mang no-ron tich hop vat ly d€ gidi va mo phong hai bai toan dong lwc hoc dién
hinh, bao gobm chuyén ddng ctia vat c6 yéu td lwc cadn va dao dong ctia hé 16 xo véi thanh phan gidm chin chwa xac
dinh. Bang cach tich hop truc ti€p cac rang budc vat ly duéi dang phwong trinh vi phan vao qua trinh huin luyén,
mo hinh dé xuit cho thiy kha ning tdi tao quj dao chuyén déng phl hop véi nghiém giai s6 ngay ca trong diéu
kién dir liéu hu&n luyén han ché va c6 nhiéu. Cac két qua thwc nghiém minh hoa ring phwong phdp mang no-ron
tich hgp vat 1y khong chi cai thién do chinh xac dy dodn ma con dam bdo tinh nhat quan véat ly ctia nghiém thu
dwoc so véi cac phwong phap hoc may thuan dit liéu. Bén canh dé, viéc mé rong phwong phip sang mo hinh
phwong trinh vi phan lai cho bai todn hé 10 xo cho thiy tiém niang clia mang no-ron trong viéc suy luin va biéu
dién cac thanh phan chwa biét tir dit liéu quan sat, trong khi van gitr nguyén ciu tric vat 1y ca hé. Cach tiép can
nay dic biét hitu ich trong cic treérng hop mo hinh véat 1y chi dwoc biét mot phan hodc tip dir liéu thuc nghiém
nho, qua d6 mé rong pham vi &tng dung cia hoc may trong mo hinh hda cac bai toan phitc tap. Bén canh nhitng
két qua dat dworc, nghién cru nay cling ton tai mot s6 han ché. Viéc huin luyén mang no-ron tich hop vatly thuong



Tran Hy Phtic, Nguyén Vii Thu Nhan, Nguy&n Minh Hai 71

doi héi chi phi tinh toan cao, dic biét khi s§ diém 18y mau cho rang budc vat ly ting 1én hodc khi bai toan duwgc mé
rong sang cac hé cé nhiéu bac tw do. Ngoai ra, viéc lwa chon cu tric mang, cic hé sé trong s trong ham mit mat
va cac siéu tham sé huin luyén van mang tinh kinh nghiém, cé thé 4nh hwéng dén tdc do hoi tu cling nhw dd 6n
dinh ctia nghiém dw doan.

Trong cac nghién ctru tiép theo, hwéng tiép cin nay cé thé tiép tuc dwoc md rong theo nhiéu hwéng khac nhau
nham nang cao tinh linh hoat va kha ning &ng dung. Mot trong nhitng hwéng quan trong 1a xem xét va dinh lwong
tinh bit dinh cia nghiém dy dodn b&i mo hinh, tir d6 cung cip khong chi gia tri dw dodn ma con mic dé tin cay di
kém. Bén canh d4, viéc két hop va so sanh nhiéu mo hinh huin luyén doc 14p ciing c6 thé gitp danh gia tinh 6n
dinh va dd tin ciy cta két qua thu dwgc. Cudi cing, phwong phap c6 kha ning phat trién cho cac bai toan phikc tap
hon, cic bai todn suy ludn ngwoc va cac hién twong vatly c6 mic do phi tuyén cao, gop phan mé rong pham vi (rng
dung trong nghién ctru khoa hoc va k¥ thuat.

VI. LO1 CAM ON

Nghién ctru ndy dwoc tai tro bédi Ngudn ngan sach khoa hoc va cdng nghé Trwdng Pai hoc Sw pham Thanh phé H6
Chi Minh trong dé tai sinh vién NCKH nam hoc 2025 - 2026.
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APPLICATION OF PHYSICS-INFORMED NEURAL NETWORKS IN SOLVING
AND SIMULATING ONE-DIMENSIONAL AND TWO-DIMENSIONAL PHYSICS
PROBLEMS
Tran Hy Phuc, Nguyen Vu Thu Nhan, Nguyen Minh Hai

ABSTRACT— Physics-informed neural networks constitute an approach that integrates observational data with physical laws
expressed in the form of differential equations in order to model and simulate physical systems efficiently. Unlike purely data-
driven deep learning methods, this approach directly incorporates physical constraints into the loss function, thereby reducing
dependence on large training datasets and improving the model’s generalization capability. In this study, we investigate the
applicability of physics-informed neural networks and hybrid differential equation models to solve two representative
physical problems: the motion of an object subject to drag forces and the oscillation of a spring-mass system with an unknown
damping component. Experimental results demonstrate that the proposed models are capable of accurately reproducing
motion trajectories even when the training data are limited and contaminated with noise. This study provides further
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empirical evidence of the applicability of physics-informed neural networks in modeling physical systems and suggests the
potential for extending this approach to a wide range of other problem classes.

Keywords — Physics-informed neural networks, deep learning methods, machine learning, physical simulation
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